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Abstract. For the stochastic differential equation with piecewise continuous
arguments, multiplicative noises and dissipative drift coefficients, we show that

the solution at integer time is a Markov chain and admits a unique invariant
measure. In order to numerically preserve the invariant measure, we apply
the backward Euler method to the equation, and prove that the numerical
solution at integer time is also a Markov chain and possesses a unique numerical

invariant measure. By establishing several a priori estimations, we present the
time-independent weak error analysis for the method via Malliavin calculus,
which implies that the numerical invariant measure converges to the original

one with weak order 1. Numerical experiments verify the theoretical analysis.

1. Introduction. In this paper, we consider the following stochastic differential
equation (SDE) with piecewise continuous arguments (PCAs){

𝑑𝑋 (𝑡) = 𝑓 (𝑋 (𝑡), 𝑋 ( [𝑡]))𝑑𝑡 + 𝑔(𝑋 (𝑡), 𝑋 ( [𝑡]))𝑑𝐵(𝑡), 𝑡 > 0,

𝑋 (0) = 𝑥 ∈ ℝ𝑑 ,
(1)

where [·] denotes the greatest-integer function, 𝑓 : ℝ𝑑×ℝ𝑑 → ℝ𝑑 , 𝑔 : ℝ𝑑×ℝ𝑑 → ℝ𝑑×𝑟

and 𝐵(𝑡) is an 𝑟 -dimensional Brownian motion defined on a filtered complete prob-
ability space (Ω,F, {F𝑡 }𝑡≥0,ℙ). Many phenomena in physics, biology, engineering
and other fields can be modeled by differential equations with PCAs, such as elastic
systems impelled by a Geneva wheel, population model with PCAs, machinery
driven by servo units (see e.g., [7, 20, 23]). In practical circumstances, stochasticity
is common, and thus SDEs with PCAs arise and attract lots of attention; see [12]
for the application in neural networks, [15] for the application in control theory, etc.
In fact, SDEs with PCAs present a hybrid of continuous and discrete dynamical
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systems. Therefore, this type of equations possesses properties of both stochas-
tic differential and difference equations, and exhibits complex and extraordinary
dynamical behavior.

Invariant measure is a key characteristic in describing the long-time dynamical
behavior. To our best knowledge, there is no result on the invariant measures of
both Eq. (1) and numerical approximations. The aim of this paper is to investigate
the invariant measures of a Markov chain based on an exact discrete-time sampling
of Eq. (1) and backward Euler (BE) approximations. We concern with the following
questions.

(I) Does an exact discrete-time sampling of Eq. (1) admit an invariant measure?
If so, is it unique?

(II) If the previous Markov chain admits a unique invariant measure, does the BE
method reproduce a unique numerical invariant measure?

(III) Does the numerical invariant measure, if it exists, converge to the original one?

For the stochastic functional differential equation (SFDE) with either continuous
or discrete delay arguments, it is well known that the solution is non-Markovian
because of the dependence on the history. However, the segment process of the SFDE
with continuous arguments is proved to be Markovian. And the invariant measure of
the SFDE with continuous arguments has been studied extensively (see, e.g., [2, 24]
and references therein). Different from the equation with continuous arguments, for
Eq. (1) whose arguments are discrete, we prove that the restriction of its solution at
integer time, namely {𝑋 (𝑘)}𝑘∈ℕ, is a time-homogeneous Markov chain. This reveals
the influence of the discrete arguments and reflects the characteristic of difference
dynamics of Eq. (1). By proving the exponential convergence of {𝑋 (𝑘)}𝑘∈ℕ in
mean-square sense and the continuous dependence on the initial value of {𝑋 (𝑘)}𝑘∈ℕ,
we then obtain that the Markov chain {𝑋 (𝑘)}𝑘∈ℕ is exponentially ergodic with a
unique invariant measure 𝜋 .

Taking the divergence of explicit Euler method without the linear growth condition
on drift coefficients into consideration, we apply the BE method to discretize Eq.
(1). Denoting 𝑌𝑘 the BE approximation of 𝑋 (𝑘), we show that {𝑌𝑘 }𝑘∈ℕ is also a time-
homogenous Markov chain. The uniform boundedness of {𝑌𝑘 }𝑘∈ℕ in mean-square
sense and the continuous dependence on the initial value guarantee the existence
and uniqueness of the numerical invariant measure 𝜋𝛿 , 𝛿 is the step-size of the BE
method. Moreover, the distribution of 𝑌𝑘 converges exponentially to 𝜋𝛿 as 𝑘 tends to
infinity, which means that the BE approximation {𝑌𝑘 }𝑘∈ℕ preserves the exponential
ergodicity of the induced Markov chain {𝑋 (𝑘)}𝑘∈ℕ of Eq. (1). The error between
𝜋 and 𝜋𝛿 is estimated via deducing the weak error between 𝑋 (𝑘) and 𝑌𝑘 , which is
required not only to be independent of 𝑘 but also to decay exponentially.

By deriving several uniform a priori estimations and presenting the weak error
analysis via Malliavin calculus, we show that 𝜋𝛿 converges to 𝜋 with order 1 which
coincides with the weak convergence order of the BE method.

This paper is organized as follows. In Section 2, some notations are introduced and
the solution of Eq. (1) at integer time is proved to be a time-homogeneous Markov
chain as well as exponentially ergodic with a unique invariant measure. In Section 3,
we apply the BE method to Eq. (1) and prove that the BE approximation at integer
time preserves the exponential ergodicity with a unique numerical invariant measure.
The time-independent weak error of the solutions together with the error between
invariant measures are given in Section 4. In Section 5, numerical experiments are
presented to verify the theoretical results.
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2. Notation and invariant measure of the solution. To begin with, we intro-
duce some notations. Let (ℝ𝑑 , ⟨·, ·⟩, ∥ · ∥) be the 𝑑-dimensional real Euclidean space.

Given a matrix 𝐴 ∈ ℝ𝑑×𝑟 , its trace norm is defined as ∥𝐴∥ :=
√︁
trace(𝐴𝑇𝐴). Denote

by 𝐶𝑏 (ℝ𝑑 ) (resp. 𝐵𝑏 (ℝ𝑑 )) the Banach space of all uniformly continuous and bounded
mappings (resp. Borel bounded mappings) 𝜑 : ℝ𝑑 → ℝ endowed with the norm
∥𝜑 ∥0 = sup𝑥∈ℝ𝑑 |𝜑 (𝑥) |. For any 𝑘 ∈ ℕ, 𝐶𝑘

𝑏
(ℝ𝑑 ) is the subspace of 𝐶𝑏 (ℝ𝑑 ) consisting

of all functions with bounded partial derivatives 𝐷𝑖𝑥𝜑 (𝑥) for 1 ≤ 𝑖 ≤ 𝑘 and with the

norm ∥𝜑 ∥𝑘 = ∥𝜑 ∥0 +
∑𝑘
𝑖=1 sup𝑥∈ℝ𝑑 ∥𝐷𝑖𝑥𝜑 (𝑥)∥. The notation P (ℝ𝑑 ) denotes the family

of all probability measures on (ℝ𝑑 ,B(ℝ𝑑 )). For 𝑎, 𝑏 ∈ ℝ, we denote max(𝑎, 𝑏) and
min(𝑎, 𝑏) by 𝑎 ∨ 𝑏 and 𝑎 ∧ 𝑏, respectively. We denote by 1𝐷 the indicative function
of a set 𝐷.

Now, we make the following assumptions on the drift and diffusion coefficients.

Assumption 2.1. There exist 𝜆1, 𝜆2, 𝜆3 > 0 such that for any 𝑥1, 𝑦1, 𝑥2, 𝑦2 ∈ ℝ𝑑 ,

⟨𝑥1 − 𝑥2, 𝑓 (𝑥1, 𝑦) − 𝑓 (𝑥2, 𝑦)⟩ ≤ −𝜆1∥𝑥1 − 𝑥2∥2, (2)

∥ 𝑓 (𝑥,𝑦1) − 𝑓 (𝑥,𝑦2)∥2 ≤ 𝜆2 ∥𝑦1 − 𝑦2∥2 (3)

and

∥𝑔(𝑥1, 𝑦1) − 𝑔(𝑥2, 𝑦2)∥2 ≤ 𝜆3 (∥𝑥1 − 𝑥2∥2 + ∥𝑦1 − 𝑦2∥2). (4)

From Assumption 2.1, for any 𝑥,𝑦 ∈ ℝ𝑑 , we have

2 ⟨𝑥, 𝑓 (𝑥,𝑦)⟩ =2 ⟨𝑥 − 0, 𝑓 (𝑥,𝑦) − 𝑓 (0, 𝑦)⟩ + 2 ⟨𝑥, 𝑓 (0, 𝑦)⟩
≤ − (2𝜆1 − 1)∥𝑥 ∥2 + 2𝜆2∥𝑦∥2 + 2∥ 𝑓 (0, 0)∥2

(5)

and

∥𝑔(𝑥,𝑦)∥2 ≤2 ∥𝑔(𝑥,𝑦) − 𝑔(0, 0)∥2 + 2 ∥𝑔(0, 0)∥2

≤2𝜆3∥𝑥 ∥2 + 2𝜆3∥𝑦∥2 + 2∥𝑔(0, 0)∥2.
(6)

Under Assumption 2.1, Eq. (1) admits a unique global solution {𝑋 (𝑡)}𝑡≥0 and
the solution is mean-square stable and almost sure stable (see, e.g., [13, 15, 12]). To
demonstrate the dynamics of {𝑋 (𝑘)}𝑘∈ℕ, for any 𝑥 ∈ ℝ𝑑 and 𝐵 ∈ B(ℝ𝑑 ), we define

𝑃 (𝑥, 𝐵) = ℙ{𝑋 (1) ∈ 𝐵 |𝑋 (0) = 𝑥} and 𝑃𝑘 (𝑥, 𝐵) = ℙ{𝑋 (𝑘) ∈ 𝐵 |𝑋 (0) = 𝑥}.

Unless otherwise specified, we write 𝑋𝑘,𝑥 (𝑡) in lieu of 𝑋 (𝑡) to highlight the initial
value 𝑋 (𝑘) = 𝑥 . Let us first verify that {𝑋 (𝑘)}𝑘∈ℕ is indeed a Markov chain.

Theorem 2.2. Suppose that Assumption 2.1 hold. Then {𝑋 (𝑘)}𝑘∈ℕ is a time-
homogeneous Markov chain with the transition probability kernel 𝑃 (𝑥, 𝐵).

Proof. We divide this proof into two parts.
(i) Time-homogeneity. For 𝑘, 𝑘 ′ ∈ ℕ, if 𝑋 (𝑘 ′) = 𝑥 , then

𝑋𝑘
′,𝑥 (𝑘 + 𝑘 ′)

=𝑥 +
∫ 𝑘+𝑘 ′

𝑘 ′
𝑓 (𝑋𝑘 ′,𝑥 (𝑠), 𝑋𝑘 ′,𝑥 ( [𝑠]))𝑑𝑠 +

∫ 𝑘+𝑘 ′

𝑘 ′
𝑔(𝑋𝑘 ′,𝑥 (𝑠), 𝑋𝑘 ′,𝑥 ( [𝑠]))𝑑𝐵(𝑠)

=𝑥 +
∫ 𝑘

0

𝑓 (𝑋𝑘 ′,𝑥 (𝑢 + 𝑘 ′), 𝑋𝑘 ′,𝑥 ( [𝑢] + 𝑘 ′))𝑑𝑢

+
∫ 𝑘

0

𝑔(𝑋𝑘 ′,𝑥 (𝑢 + 𝑘 ′), 𝑋𝑘 ′,𝑥 ( [𝑢] + 𝑘 ′))𝑑𝐵(𝑢),
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where 𝐵(𝑢) = 𝐵(𝑢 + 𝑘 ′) − 𝐵(𝑘 ′), 𝑢 ≥ 0. In addition, if 𝑋 (0) = 𝑥 , then

𝑋 0,𝑥 (𝑘) = 𝑥 +
∫ 𝑘

0

𝑓 (𝑋 0,𝑥 (𝑢), 𝑋 0,𝑥 ( [𝑢]))𝑑𝑢 +
∫ 𝑘

0

𝑔(𝑋 0,𝑥 (𝑢), 𝑋 0,𝑥 ( [𝑢]))𝑑𝐵(𝑢).

Since 𝐵(𝑢) and 𝐵(𝑢) have the same distribution, by the weak uniqueness of the
solution for Eq. (1), we obtain that 𝑋𝑘

′,𝑥 (𝑘 + 𝑘 ′) and 𝑋 0,𝑥 (𝑘) are identical in
distribution. Hence

ℙ{𝑋 (𝑘 + 𝑘 ′) ∈ 𝐵 |𝑋 (𝑘 ′) = 𝑥} = ℙ{𝑋 (𝑘) ∈ 𝐵 |𝑋 (0) = 𝑥}
for any 𝐵 ∈ B(ℝ𝑑 ) and 𝑥 ∈ ℝ𝑑 , which means that {𝑋 0,𝑥 (𝑘)}𝑘∈ℕ is time-homogeneous.

(ii) Markov property. Define G𝑡,𝑠 = 𝜎{𝐵(𝑢) −𝐵(𝑠), 𝑠 ≤ 𝑢 ≤ 𝑡}∪N, where 𝑠, 𝑡 > 0
and N denotes the collection of all ℙ-null sets in F. The property of Brownian
motion yields that F𝑠 is independent of G𝑡,𝑠 . For 𝑘 ∈ ℕ, let 𝐵𝑘 (𝑡) := 𝐵(𝑡) − 𝐵(𝑘),
𝑡 ≥ 𝑘. Then 𝐵𝑘 (𝑡) is F𝑡 ∩ G𝑡,𝑘 -measurable. Fix 𝑦 ∈ ℝ𝑑 . Replacing 𝐵(𝑡) by 𝐵𝑘 (𝑡) in
Eq. (1), we get the unique solution {𝑋𝑘,𝑦 (𝑡)}𝑡≥𝑘 , which is adapted to {F𝑡 ∩ G𝑡,𝑘 }𝑡≥𝑘 .
Thus, 𝑋𝑘,𝑦 (𝑘 + 𝑘 ′) is independent of F𝑘 for any 𝑘, 𝑘 ′ ∈ ℕ.

For any fixed 𝑘, 𝑘 ′ ∈ ℕ, define Ψ : ℝ𝑑 × Ω → ℝ𝑑 , (𝑦,𝜔) ↦→ 𝑋𝑘,𝑦 (𝑘 + 𝑘 ′, 𝜔). We
claim that Ψ is B(ℝ𝑑 ) ⊗ G𝑘+𝑘 ′,𝑘 -measurable. By Itô’s formula, Assumption 2.1 yields

𝔼




𝑋𝑘,𝑧 (𝑡) − 𝑋𝑘,𝑦 (𝑡)


2
= ∥𝑧 − 𝑦∥2 + 𝔼

∫ 𝑡

𝑘




𝑔(𝑋𝑘,𝑧 (𝑠), 𝑋𝑘,𝑧 ( [𝑠])) − 𝑔(𝑋𝑘,𝑦 (𝑠), 𝑋𝑘,𝑦 ( [𝑠]))


2 𝑑𝑠
+ 2𝔼

∫ 𝑡

𝑘

〈
𝑋𝑘,𝑧 (𝑠) − 𝑋𝑘,𝑦 (𝑠), 𝑓 (𝑋𝑘,𝑧 (𝑠), 𝑋𝑘,𝑧 ( [𝑠])) − 𝑓 (𝑋𝑘,𝑦 (𝑠), 𝑋𝑘,𝑦 ( [𝑠]))

〉
𝑑𝑠

≤ ∥𝑧 − 𝑦∥2 − (2𝜆1 − 𝜆3 − 1)𝔼
∫ 𝑡

𝑘




𝑋𝑘,𝑧 (𝑠) − 𝑋𝑘,𝑦 (𝑠)


2 𝑑𝑠
+ (𝜆2 + 𝜆3)𝔼

∫ 𝑡

𝑘




𝑋𝑘,𝑧 ( [𝑠]) − 𝑋𝑘,𝑦 ( [𝑠])


2 𝑑𝑠
≤ ∥𝑧 − 𝑦∥2 + 𝜆

∫ 𝑡

𝑘

sup
𝑘≤𝑢≤𝑠

𝔼




𝑋𝑘,𝑧 (𝑢) − 𝑋𝑘,𝑦 (𝑢)


2 𝑑𝑠,
where 𝜆 := |2𝜆1 − 𝜆3 − 1| + 𝜆2 + 𝜆3. By Gronwall’s inequality, we have

𝔼




𝑋𝑘,𝑧 (𝑡) − 𝑋𝑘,𝑦 (𝑡)


2 ≤ 𝑒𝜆 (𝑡−𝑘 ) ∥𝑧 − 𝑦∥2 , (7)

which implies that Ψ is continuous in probability with respect to 𝑦, i.e., for any 𝜀 > 0

ℙ
{
𝜔 ∈ Ω :




𝑋𝑘,𝑧 (𝑘 + 𝑘 ′, 𝜔) − 𝑋𝑘,𝑦 (𝑘 + 𝑘 ′, 𝜔)


 > 𝜀

}
→ 0, as 𝑧 → 𝑦.

Theorem 3.1 in [8] implies that there is a modification Ψ̃ of Ψ that is B(ℝ𝑑 ) ⊗ G𝑘+𝑘 ′,𝑘 -
measurable. Therefore, 𝜑 (𝑋 0,𝑥 (𝑘 + 𝑘 ′)) is B(ℝ𝑑 ) ⊗ G𝑘+𝑘 ′,𝑘 -measurable for any 𝜑 ∈
𝐵𝑏 (ℝ𝑑 ), where the uniqueness of the solution to Eq. (1) is used, i.e.,

𝑋 0,𝑥 (𝑘 + 𝑘 ′) = 𝑋𝑘,𝑋0,𝑥 (𝑘 ) (𝑘 + 𝑘 ′) = Ψ̃(𝑋 0,𝑥 (𝑘)), 𝑎.𝑠 .

Combining the fact that 𝑋 0,𝑥 (𝑘) is F𝑘 -measurable, we have

𝔼
[
𝜑 (𝑋𝑘,𝑋0,𝑥 (𝑘 ) (𝑘 + 𝑘 ′)) |F𝑘

]
= 𝔼

[
𝜑 (𝑋𝑘,𝑦 (𝑘 + 𝑘 ′)) |F𝑘

] ���
𝑦=𝑋0,𝑥 (𝑘 )

and

𝔼 [𝜑 (𝑋 (𝑘 + 𝑘 ′)) |F𝑘 ] = 𝔼
[
𝜑 (𝑋𝑘,𝑦 (𝑘 + 𝑘 ′))

] ���
𝑦=𝑋 (𝑘 )

= 𝔼 [𝜑 (𝑋 (𝑘 + 𝑘 ′)) |𝑋 (𝑘)] .
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The proof is completed. □

Theorem 2.3. Under Assumption 2.1, if 𝜆1 − 𝜆2 − 2𝜆3 − 1 > 0, then the Markov
chain {𝑋 (𝑘)}𝑘∈ℕ admits a unique invariant measure 𝜋 and there exist two positive
constants 𝐶1 := 𝐶1 (∥𝜑 ∥1, 𝜆1, 𝜆2, 𝜆3) and 𝜈 := 𝜈 (𝜆1, 𝜆2, 𝜆3) independent of 𝑘 and 𝑥 such
that ����𝔼𝜑 (𝑋 0,𝑥 (𝑘)) −

∫
ℝ𝑑

𝜑 (𝑥)𝜋 (𝑑𝑥)
���� ≤ 𝐶1𝑒

−𝜈𝑘 (1 + ∥𝑥 ∥), ∀ 𝜑 ∈ 𝐶1
𝑏
(ℝ𝑑 ). (8)

Proof. (i) Existence of invariant measures. Let 𝛼 := 2𝜆1−2𝜆3−1, 𝛽 := 2(𝜆2+𝜆3)
and 𝛾 := 2(∥ 𝑓 (0, 0)∥2 + ∥𝑔(0, 0)∥2), then 𝛼 > 0 and

𝛽

𝛼
< 1 since 𝜆1 − 𝜆2 − 2𝜆3 − 1 =

1
2 (𝛼 − 𝛽 − 1) > 0. Let {𝐵(𝑡)}𝑡≥0 be another Brownian motion defined on (Ω,F,ℙ),
independent of {𝐵(𝑡)}𝑡≥0, and define

𝐵(𝑡) =
{
𝐵(𝑡), 𝑡 ≥ 0,

𝐵(−𝑡), 𝑡 < 0

with the filtration F̄𝑡 := 𝜎{𝐵(𝑠), 𝑠 ≤ 𝑡}, 𝑡 ∈ ℝ. For any 𝑘 ∈ ℕ and 𝑥 ∈ ℝ𝑑 , we consider
the following equation{

𝑑𝑋 (𝑡) = 𝑓 (𝑋 (𝑡), 𝑋 ( [𝑡]))𝑑𝑡 + 𝑔(𝑋 (𝑡), 𝑋 ( [𝑡]))𝑑𝐵(𝑡), 𝑡 ≥ −𝑘,
𝑋 (−𝑘) = 𝑥 .

(9)

It can be verified that (9) admits a unique solution under Assumption 2.1. In what
follows, we show the existence of invariant measure through three steps.

Step 1. A priori estimate
For any 𝑘 ∈ ℕ and 𝑡 > −𝑘, applying Itô’s formula to 𝑒𝛼𝑡 ∥𝑋 −𝑘,𝑥 (𝑡)∥2, (5)-(6) lead

to

𝑒𝛼𝑡𝔼∥𝑋 −𝑘,𝑥 (𝑡)∥2

=𝑒𝛼 [𝑡 ]𝔼∥𝑋 −𝑘,𝑥 ( [𝑡])∥2 + 𝛼𝔼
∫ 𝑡

[𝑡 ]
𝑒𝛼𝑠 ∥𝑋 −𝑘,𝑥 (𝑠)∥2𝑑𝑠

+𝔼
∫ 𝑡

[𝑡 ]
𝑒𝛼𝑠

(
2
〈
𝑋 −𝑘,𝑥 (𝑠), 𝑓 (𝑋 −𝑘,𝑥 (𝑠), 𝑋 −𝑘,𝑥 ( [𝑠]))

〉
+∥𝑔(𝑋 −𝑘,𝑥 (𝑠), 𝑋 −𝑘,𝑥 ( [𝑠]))∥2

)
𝑑𝑠

≤
(
𝑒𝛼 [𝑡 ] + 𝛽

𝛼

(
𝑒𝛼𝑡 − 𝑒𝛼 [𝑡 ]

))
𝔼∥𝑋 −𝑘,𝑥 ( [𝑡])∥2 + 𝛾

𝛼

(
𝑒𝛼𝑡 − 𝑒𝛼 [𝑡 ]

)
.

Hence

𝔼∥𝑋 −𝑘,𝑥 (𝑡)∥2 ≤
(
𝛽

𝛼
+

(
1 − 𝛽

𝛼

)
𝑒−𝛼 {𝑡 }

)
𝔼∥𝑋 −𝑘,𝑥 ( [𝑡])∥2 + 𝛾

𝛼

(
1 − 𝑒−𝛼 {𝑡 }

)
, (10)

where {𝑡} = 𝑡 − [𝑡] ∈ [0, 1). Define 𝑟 : [0, 1) → (0, 1] by 𝑟 ({𝑡}) = 𝛽

𝛼
+

(
1 − 𝛽

𝛼

)
𝑒−𝛼 {𝑡 } .

Since lim𝑡→𝑘− {𝑡} = 1 for any 𝑘 ∈ ℕ, we extend the domain of 𝑟 to [0, 1] and define

𝑟 (1) := lim𝑡→𝑘− 𝑟 ({𝑡}) =
𝛽

𝛼
+

(
1 − 𝛽

𝛼

)
𝑒−𝛼 . Let 𝐹 =

𝛾

𝛼
. Then Fatou’s lemma leads to

𝔼∥𝑋 −𝑘,𝑥 (𝑘)∥2 =𝔼 lim
𝑡→𝑘−

∥𝑋 −𝑘,𝑥 (𝑡)∥2

≤ lim
𝑡→𝑘−

𝔼∥𝑋 −𝑘,𝑥 (𝑡)∥2 ≤ 𝑟 (1)𝔼∥𝑋 −𝑘,𝑥 (𝑘 − 1)∥2 + 𝐹,
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which implies

𝔼∥𝑋 −𝑘,𝑥 (𝑡)∥2 ≤𝑟 ({𝑡})𝑟 (1)𝔼∥𝑋 −𝑘,𝑥 ( [𝑡] − 1)∥2 + 𝑟 ({𝑡})𝐹 + 𝐹
≤ · · ·

≤𝑟 ({𝑡})𝑒 ( [𝑡 ]+𝑘 ) log 𝑟 (1) ∥𝑥 ∥2 + 1 − 𝑟 (1) [𝑡 ]+𝑘
1 − 𝑟 (1) 𝑟 ({𝑡})𝐹 + 𝐹

≤ 1

𝑟 (1) 𝑒
(𝑡+𝑘 ) log 𝑟 (1) ∥𝑥 ∥2 + 1

1 − 𝑟 (1) 𝐹 + 𝐹 .

Since log 𝑟 (1) < 0, there exists a positive constant 𝐶 independent of 𝑘 and 𝑡 such
that

sup
𝑘∈ℕ

𝔼∥𝑋 −𝑘,𝑥 (𝑡)∥2 ≤ 1

𝑟 (1) ∥𝑥 ∥
2 + 1

1 − 𝑟 (1) 𝐹 + 𝐹 ≤ 𝐶 (1 + ∥𝑥 ∥2) . (11)

Step 2. For any 𝑘1, 𝑘2 ∈ ℕ, −𝑘1 < −𝑘2 ≤ 𝑡 < ∞, let 𝑍 (𝑡) = 𝑋 −𝑘1,𝑥 (𝑡) −𝑋 −𝑘2,𝑥 (𝑡), then

𝑍 (𝑡) =𝑍 (−𝑘2) +
∫ 𝑡

−𝑘2

(
𝑓 (𝑋 −𝑘1,𝑥 (𝑠), 𝑋 −𝑘1,𝑥 ( [𝑠])) − 𝑓 (𝑋 −𝑘2,𝑥 (𝑠), 𝑋 −𝑘2,𝑥 ( [𝑠]))

)
𝑑𝑠

+
∫ 𝑡

−𝑘2

(
𝑔(𝑋 −𝑘1,𝑥 (𝑠), 𝑋 −𝑘1,𝑥 ( [𝑠])) − 𝑔(𝑋 −𝑘2,𝑥 (𝑠), 𝑋 −𝑘2,𝑥 ( [𝑠]))

)
𝑑𝐵(𝑠).

Similar to Step 1, applying Itô’s formula to 𝑒𝛼𝑡𝔼∥𝑍 (𝑡)∥2, Assumption 2.1 leads to

𝔼∥𝑍 (𝑡)∥2 ≤ 𝑟1 ({𝑡})𝔼 ∥𝑍 ( [𝑡])∥2 ,

where the function 𝑟1 is defined similarly to 𝑟 in step 1 with 𝑟1 ({𝑡}) = 𝜆2+𝜆3
2𝜆1−𝜆3−1 +(

1 − 𝜆2+𝜆3
2𝜆1−𝜆3−1

)
𝑒−(2𝜆1−𝜆3−1) {𝑡 } for {𝑡} ∈ [0, 1) and 𝑟1 (1) := lim𝑡→𝑘− 𝑟1 ({𝑡}), 𝑘 ∈ ℕ.

Then
we derive

𝔼∥𝑍 (𝑡)∥2 ≤ 1

𝑟1 (1)
𝑒 (𝑡+𝑘2 ) log 𝑟1 (1)𝔼




𝑋 −𝑘1,𝑥 (−𝑘2) − 𝑥



2

≤𝐶𝑒 (𝑡+𝑘2 ) log 𝑟1 (1)
(
1 + ∥𝑥 ∥2

)
.

In particular,

𝔼




𝑋 −𝑘1,𝑥 (0) − 𝑋 −𝑘2,𝑥 (0)



2 ≤ 𝐶𝑒𝑘2 log 𝑟1 (1) (

1 + ∥𝑥 ∥2
)
,

which implies that {𝑋 −𝑘,𝑥 (0)}𝑘∈ℕ is a Cauchy sequence in 𝐿2 (Ω,F,ℙ;ℝ𝑑 ). Therefore,
there exists 𝜂𝑥 ∈ 𝐿2 (Ω,F,ℙ;ℝ𝑑 ) such that

lim
𝑘→+∞

𝔼




𝑋 −𝑘,𝑥 (0) − 𝜂𝑥



2 = 0. (12)

Moreover, following the similar procedure, we obtain

𝔼




𝑋 −𝑘,𝑥 (0) − 𝑋 −𝑘,𝑦 (0)



2 ≤ 1

𝑟1 (1)
𝑒𝑘 log 𝑟1 (1) ∥𝑥 − 𝑦∥2. (13)

Combining (12) and (13), we get

𝔼 ∥𝜂𝑥 − 𝜂𝑦 ∥2

=𝔼




𝜂𝑥 − 𝑋 −𝑘,𝑥 (0) + 𝑋 −𝑘,𝑥 (0) − 𝑋 −𝑘,𝑦 (0) + 𝑋 −𝑘,𝑦 (0) − 𝜂𝑦



2

≤3 lim
𝑘→∞

𝔼

(


𝜂𝑥 − 𝑋 −𝑘,𝑥 (0)



2 + 


𝑋 −𝑘,𝑥 (0) − 𝑋 −𝑘,𝑦 (0)




2 + 


𝑋 −𝑘,𝑦 (0) − 𝜂𝑦



2)

=0.
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This means that 𝜂𝑥 is independent of the initial value 𝑥 , which is thus denoted by 𝜂.
Furthermore,

𝔼




𝑋 −𝑘2,𝑥 (0) − 𝜂



2= lim

𝑘1→+∞
𝔼




𝑋 −𝑘2,𝑥 (0)−𝑋 −𝑘1,𝑥 (0)



2 ≤ 𝐶𝑒𝑘2 log 𝑟1 (1) (

1+∥𝑥 ∥2
)
,

which indicates that 𝑋 −𝑘,𝑥 (0) converges to 𝜂 in distribution as 𝑘 → ∞. Since
𝑋 −𝑘,𝑥 (0) and 𝑋 0,𝑥 (𝑘) possess the same distribution, by the definition of convergence
in distribution, the transition probabilities 𝑃𝑘 (𝑥, ·) = ℙ{𝑋 (𝑘) ∈ ·|𝑋 (0) = 𝑥} weakly
converges to ℙ ◦ 𝜂−1 (·) as 𝑘 → ∞.

Step 3. Denoting by 𝜋 := ℙ◦𝜂−1 the probability measure induced by 𝜂, we claim that
𝜋 is an invariant measure. In fact, for any 𝐵 ∈ B(ℝ𝑑 ), the Chapman-Kolmogorov
equation leads to

𝜋 (𝐵) =
∫
ℝ𝑑

1𝐵 (𝑦)𝜋 (𝑑𝑦) = lim
𝑘→+∞

∫
ℝ𝑑

1𝐵 (𝑦)𝑃𝑘+1 (𝑥, 𝑑𝑦)

= lim
𝑘→+∞

∫
ℝ𝑑

∫
ℝ𝑑

1𝐵 (𝑦)𝑃 (𝑧, 𝑑𝑦)𝑃𝑘 (𝑥, 𝑑𝑧)

= lim
𝑘→+∞

∫
ℝ𝑑

𝑃 (𝑧, 𝐵)𝑃𝑘 (𝑥, 𝑑𝑧) =
∫
ℝ𝑑

𝑃 (𝑧, 𝐵)𝜋 (𝑑𝑧).

(ii) Uniqueness of the invariant measure. Since 𝑃𝑘 (𝑥, ·) weakly converges to
𝜋 as 𝑘 → ∞, for any 𝐵 ∈ B(ℝ𝑑 ), 𝑥 ∈ ℝ𝑑 and 𝑘 ∈ ℕ, we get

𝜋 (𝐵) =
∫
ℝ𝑑

1𝐵 (𝑦)𝜋 (𝑑𝑦) = lim
𝑘→+∞

∫
ℝ𝑑

1𝐵 (𝑦)𝑃𝑘 (𝑥, 𝑑𝑦) = lim
𝑘→+∞

𝑃𝑘 (𝑥, 𝐵).

Assume that 𝜋 ∈ P (ℝ𝑑 ) is another invariant measure of {𝑋 (𝑘)}𝑘∈ℕ, then for any
𝐵 ∈ B(ℝ𝑑 ) and 𝑘 ∈ ℕ,

𝜋 (𝐵) =
∫
ℝ𝑑

𝑃𝑘 (𝑥, 𝐵)𝜋 (𝑑𝑥).

Letting 𝑘 → ∞, we obtain

𝜋 (𝐵) = lim
𝑘→∞

∫
ℝ𝑑

𝑃𝑘 (𝑥, 𝐵)𝜋 (𝑑𝑥) = 𝜋 (𝐵),

which implies that 𝜋 is the unique invariant measure of {𝑋 (𝑘)}𝑘∈ℕ.
(iii) For any 𝜑 ∈ 𝐶1

𝑏
(ℝ𝑑 ), (2) and 𝜋 = ℙ ◦ 𝜂−1 lead to����𝔼𝜑 (𝑋 0,𝑥 (𝑘)) −

∫
ℝ𝑑

𝜑 (𝑥)𝜋 (𝑑𝑥)
���� ≤𝔼 ��𝜑 (𝑋 0,𝑥 (𝑘)) − 𝜑 (𝜂)

�� ≤ ∥𝜑 ∥1 · 𝔼


𝑋 0,𝑥 (𝑘) − 𝜂




≤𝐶1𝑒

−𝜈𝑘 (1 + ∥𝑥 ∥),

where 𝐶1 =
∥𝜑 ∥1√
𝑟1 (1)

and 𝜈 = − 1
2 log 𝑟1 (1). The proof is completed. □

Remark 1. Condition (2) implies the contractive property of 𝑓 , however, it can be
weaken in certain sense. If we impose a mild assumption, i.e., there exist 𝜆1 > 𝜆2 > 0
such that

2 ⟨𝑥, 𝑓 (𝑥,𝑦)⟩ + ∥𝑔(𝑥,𝑦)∥2 ≤ −𝜆1∥𝑥 ∥2 + 𝜆2 ∥𝑦∥2 , ∀ 𝑥,𝑦 ∈ ℝ𝑑 ,

then {𝑋 (𝑘)}𝑘∈ℕ still admits an invariant measure. To ensure the uniqueness of the
invariant measure, we need some additional restriction on diffusion coefficients, such
as ellipticity, i.e.,

𝑔(𝑥,𝑦)𝑔(𝑥,𝑦)⊤ > 0, 𝑥,𝑦 ∈ ℝ𝑑 .
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And

⟨𝑥1 − 𝑥2, 𝑓 (𝑥1, 𝑦1) − 𝑓 (𝑥2, 𝑦2)⟩ ≤ 𝑀 (∥𝑥1 − 𝑥2∥2 + ∥𝑦1 − 𝑦2∥2), ∀ 𝑥1, 𝑦1, 𝑥2, 𝑦2 ∈ ℝ𝑑 ,

∥𝑔(𝑥,𝑦)∥2 ≤ 𝑀 (1 + ∥𝑥 ∥2 + ∥𝑦∥2), ∀ 𝑥,𝑦 ∈ ℝ𝑑 ,

for some𝑀 > 0. By the asymptotic coupling method and the Girsanov transformation
used in [21], the Markov chain {𝑋 (𝑘)}𝑘∈ℕ can be proved to be strong Feller and
irreducible. Thus {𝑋 (𝑘)}𝑘∈ℕ admits a unique invariant measure.

Besides a priori estimate in Theorem 2.3, we also present the uniform boundedness
of 𝑋 (𝑡) in 2𝑝-th (𝑝 ≥ 1) moment, which is crucial to estimate the time-independent
weak error of the numerical method. Throughout this paper, we use 𝐶 to denote a
generic constant, which may be different from line to line.

Lemma 2.4. Let Assumption 2.1 hold and 𝑝 ≥ 1. If 𝜆1 − 𝜆2 − 2𝜆3 − 1 > 4𝜆3 (𝑝 − 1),
then there exists a positive constant 𝐶 := 𝐶 (𝜆1, 𝜆2, 𝜆3, 𝑝) independent of 𝑡 such that

𝔼∥𝑋 (𝑡)∥2𝑝 ≤ 𝐶 (1 + ∥𝑥 ∥2𝑝 ). (14)

Proof. Theorem 2.3 (i) implies that the assertion (14) holds for the case 𝑝 = 1. Thus,
it suffices to consider the case 𝑝 > 1, which is proved by the induction.

We assume that there exists 𝐶 > 0 independent of 𝑡 such that (14) holds for all
𝑝′ = 1, 2, · · · , 𝑝 − 1, then we show 𝔼∥𝑋 (𝑡)∥2𝑝 ≤ 𝐶 (1 + ∥𝑥 ∥2𝑝 ). Applying Itô’s formula
to 𝔼∥𝑋 (𝑡)∥2𝑝 , (5) and (6) lead to

𝔼∥𝑋 (𝑡)∥2𝑝 ≤∥𝑥 ∥2𝑝 + 2𝑝𝔼

∫ 𝑡

0

∥𝑋 (𝑠)∥2𝑝−2⟨𝑋 (𝑠), 𝑓 (𝑋 (𝑠), 𝑋 ( [𝑠]))⟩𝑑𝑠

+ 𝑝 (2𝑝 − 1)𝔼
∫ 𝑡

0

∥𝑋 (𝑠)∥2𝑝−2∥𝑔(𝑋 (𝑠), 𝑋 ( [𝑠]))∥2𝑑𝑠

≤∥𝑥 ∥2𝑝 − 𝑝 (2𝜆1 − 2𝜆3 − 1 − 4𝜆3 (𝑝 − 1))𝔼
∫ 𝑡

0

∥𝑋 (𝑠)∥2𝑝𝑑𝑠 (15)

+ 2𝑝 (𝜆2 + 𝜆3 (2𝑝 − 1)) 𝔼
∫ 𝑡

0

∥𝑋 (𝑠)∥2𝑝−2∥𝑋 ( [𝑠])∥2𝑑𝑠

+ 2𝑝
(
∥ 𝑓 (0, 0)∥2 + (2𝑝 − 1)∥𝑔(0, 0)∥2

)
𝔼

∫ 𝑡

0

∥𝑋 (𝑠)∥2𝑝−2𝑑𝑠.

Using Young’s inequality and the assumption 𝔼∥𝑋 (𝑡)∥2(𝑝−1) ≤ 𝐶 (1 + ∥𝑥 ∥2(𝑝−1) ), we
obtain

𝔼∥𝑋 (𝑡)∥2𝑝 ≤∥𝑥 ∥2𝑝 − 𝛼1 (𝑝)
∫ 𝑡

0

𝔼∥𝑋 (𝑠)∥2𝑝𝑑𝑠

+
∫ 𝑡

0

(
𝛾1 (𝑝) (1 + ∥𝑥 ∥2(𝑝−1) ) + 𝛽1 (𝑝)𝔼∥𝑋 ( [𝑠])∥2𝑝

)
𝑑𝑠,

where 𝛼1 (𝑝) = 2𝜆1𝑝 − 2𝜆2𝑝 + 2𝜆2 − 𝑝 − 2𝜆3 (2𝑝 − 1)2, 𝛽1 (𝑝) = 2𝜆2 + 2𝜆3 (2𝑝 − 1) and
𝛾1 (𝑝) = 2𝑝

(
∥ 𝑓 (0, 0)∥2 + (2𝑝 − 1)∥𝑔(0, 0)∥2

)
𝐶. In addition,

𝔼∥𝑋 (𝑡)∥2𝑝 ≤∥𝑥 ∥2𝑝 −𝛼1 (𝑝)
∫ 𝑡

0

𝔼∥𝑋 (𝑠)∥2𝑝𝑑𝑠

+
∫ 𝑡

0

(
𝛾1 (𝑝) (1 + ∥𝑥 ∥2(𝑝−1) ) + 𝛽1 (𝑝) sup

0≤𝑟≤𝑠
𝔼∥𝑋 (𝑟 )∥2𝑝

)
𝑑𝑠.



SDEPCA: MARKOV PROPERTY, INVARIANT MEASURE, NUMERICAL APPROXIMATION 773

According to [11, Lemma 8.1], we have

sup
0≤𝑠≤𝑡

𝔼∥𝑋 (𝑠)∥2𝑝

≤∥𝑥 ∥2𝑝+
∫ 𝑡

0

𝑒−𝛼1 (𝑝 ) (𝑡−𝑠 )
(
𝛾1 (𝑝) (1 + ∥𝑥 ∥2(𝑝−1) ) + 𝛽1 (𝑝) sup

0≤𝑟≤𝑠
𝔼∥𝑋 (𝑟 )∥2𝑝

)
𝑑𝑠.

Due to 2𝜆1 − 2𝜆2 − 4𝜆3 − 1 > 8𝜆3 (𝑝 − 1), it can be verified that 𝛼1 (𝑝) > 𝛽1 (𝑝) > 0.
Thus, [11, Lemma 8.2] leads to

𝔼∥𝑋 (𝑡)∥2𝑝 ≤ 𝛾1 (𝑝) (1 + ∥𝑥 ∥2(𝑝−1) ) + 𝛼1 (𝑝)∥𝑥 ∥2𝑝
𝛼1 (𝑝) − 𝛽1 (𝑝)

≤ 𝐶 (1 + ∥𝑥 ∥2𝑝 ),

where 𝐶 :=
2𝛾1 (𝑝 )+𝛼1 (𝑝 )
𝛼1 (𝑝 )−𝛽1 (𝑝 ) . The proof is completed. □

Remark 2. The inequality 𝜆1 − 𝜆2 − 2𝜆3 > 4𝑝 (𝜆3 − 1) is a sufficient condition which
ensures the uniform boundedness of the 2𝑝th moments of the exact solution. For
some 𝑝 that violates this inequality, the uniform boundedness of the 2𝑝th moments
of the exact solution may also hold.

Remark 3. If the equation is driven by additive noise, i.e. 𝑔(𝑥,𝑦) = 𝐺 which is
a constant matrix, the condition under which the 2𝑝-th moment estimate (14) in
Lemma 2.4 holds is changed to be 𝜆1 − 𝜆2 − 2𝜆3 − 1 > 0.

3. Invariant measure of backward Euler method. Numerical methods for the
SDE with PCAs are widely studied. For example, [17] studies the convergence and
stability of the Euler–Maruyama method for the equation with globally Lipschitz and
linearly growing coefficients. For the non-globally Lipschitz case, the convergence
and stability of some implicit numerical methods such as split-step 𝜃 method, one-leg
𝜃 method are studied in [13, 14, 25] and references therein. Here, we apply the BE
method to numerically solve Eq. (1), and investigate whether the BE approximations
at integer time reproduce a unique numerical invariant measure. For numerical
approximations of invariant measures, there are fruitful results on that for the SDE
and the stochastic partial differential equation, such as [4, 5, 9, 1, 10].

Let 𝛿 = 1
𝑚

be the given step-size with integer 𝑚 ≥ 1. Grid points 𝑡𝑛 are defined as
𝑡𝑛 = 𝑛𝛿, 𝑛 = 0, 1, · · · . The backward Euler (BE) method for (1) is given by

𝑋𝑛+1 = 𝑋𝑛 + 𝛿 𝑓 (𝑋𝑛+1, 𝑋 [𝑛𝛿 ]𝑚) + 𝑔(𝑋𝑛, 𝑋 [𝑛𝛿 ]𝑚)Δ𝐵𝑛,
where 𝑋0 = 𝑥 , Δ𝐵𝑛 = 𝐵(𝑡𝑛+1) − 𝐵(𝑡𝑛), 𝑋𝑛 (resp. 𝑋 [𝑛𝛿 ]𝑚) is the approximation to
𝑋 (𝑡𝑛) (resp. 𝑋 ( [𝑡𝑛])). Since, for arbitrary 𝑛 = 0, 1, 2, · · · , there exist 𝑘 ∈ ℕ and
𝑙 = 0, 1, 2, · · · ,𝑚 − 1 such that 𝑛 = 𝑘𝑚 + 𝑙 , the BE method can be written as

𝑋𝑘𝑚+𝑙+1 = 𝑋𝑘𝑚+𝑙 + 𝛿 𝑓 (𝑋𝑘𝑚+𝑙+1, 𝑋𝑘𝑚) + 𝑔(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)Δ𝐵𝑘𝑚+𝑙 . (16)

Under the condition (2), the BE method admits a unique solution {𝑋𝑘𝑚+𝑙 : 𝑙 =
0, 1, · · · ,𝑚 − 1, 𝑘 ∈ ℕ} for all step-sizes. Rewrite (16) as

𝑋𝑘𝑚+𝑙+1 − 𝛿 𝑓 (𝑋𝑘𝑚+𝑙+1, 𝑋𝑘𝑚) = 𝑋𝑘𝑚+𝑙 + 𝑔(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)Δ𝐵𝑘𝑚+𝑙 . (17)

For any 𝑎 ∈ ℝ𝑑 and 𝛿 ∈ (0, 1), define the mapping 𝐺 : ℝ𝑑 → ℝ𝑑 , 𝑥 ↦→ 𝑥 − 𝛿 𝑓 (𝑥, 𝑎).
Then 𝐺 admits its inverse function 𝐺−1 : ℝ𝑑 → ℝ𝑑 based on [19, Theorem 6.4.4].
Moreover, the numerical solution 𝑋𝑘𝑚+𝑙+1 satisfies

𝑋𝑘𝑚+𝑙+1 = 𝐺−1 (𝑋𝑘𝑚+𝑙 + 𝑔(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)Δ𝐵𝑘𝑚+𝑙 ) (18)

for all 𝑘 ∈ ℕ and 𝑙 = 0, 1, 2, · · · ,𝑚 − 1.
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In order to investigate whether the BE method inherits the Markov property and
admits a unique numerical invariant measure, we denote by 𝑌𝑘 := 𝑋𝑘𝑚 the solution
of BE method at 𝑡 = 𝑘, 𝑘 ∈ ℕ and define

𝑃𝛿 (𝑥, 𝐵) = ℙ{𝑌 (1) ∈ 𝐵 |𝑌 (0) = 𝑥} and 𝑃𝛿
𝑘
(𝑥, 𝐵) = ℙ{𝑌 (𝑘) ∈ 𝐵 |𝑌 (0) = 𝑥},

where 𝑥 ∈ ℝ𝑑 and 𝐵 ∈ B(ℝ𝑑 ). Similar to 𝑋 0,𝑥 (𝑘), we write 𝑌 0,𝑥
𝑘

in lieu of 𝑌𝑘 to
highlight the initial value 𝑌0 = 𝑥 . Now, let us proceed to show the Markov property
of {𝑌𝑘 }𝑘∈ℕ.

Theorem 3.1. Assume that Assumption 2.1 hold. Then {𝑌𝑘 }𝑘∈ℕ is a time-homoge-
neous Markov chain with the transition probability 𝑃𝛿 (𝑥, 𝐵).

Proof. (i) Time-homogeneity. For 𝑘 ∈ ℕ, if 𝑌𝑘 = 𝑥 , i.e., 𝑋𝑘𝑚 = 𝑥 , then from (18),
it follows

𝑋
𝑘𝑚,𝑥

𝑘𝑚+1 = 𝐺−1 (𝑥 + 𝑔(𝑥, 𝑥)Δ𝐵𝑘𝑚).

Define the mapping 𝐺1 : ℝ𝑑 × ℝ𝑚 → ℝ𝑑 , (𝑦, 𝑧) ↦→ 𝐺−1 (𝑦 + 𝑔(𝑦, 𝑥)𝑧), then 𝑋𝑘𝑚,𝑥
𝑘𝑚+1 =

𝐺1 (𝑥,Δ𝐵𝑘𝑚). In addition, if 𝑌0 = 𝑋0 = 𝑥 , then

𝑋
0,𝑥
1 = 𝐺−1 (𝑥 + 𝑔(𝑥, 𝑥)Δ𝐵0) = 𝐺1 (𝑥,Δ𝐵0) .

Since Δ𝐵𝑘𝑚 and Δ𝐵0 are identical in distribution, 𝑋𝑘𝑚,𝑥
𝑘𝑚+1 and 𝑋 0,𝑥

1 possess the same
distribution.

Again, by (18), we have

𝑋
𝑘𝑚,𝑥

𝑘𝑚+2 =𝐺−1 (𝑋𝑘𝑚,𝑥
𝑘𝑚+1 + 𝑔(𝑋

𝑘𝑚,𝑥

𝑘𝑚+1, 𝑥)Δ𝐵𝑘𝑚+1)
=𝐺−1 (𝐺1 (𝑥,Δ𝐵𝑘𝑚)) + 𝑔(𝐺1 (𝑥,Δ𝐵𝑘𝑚), 𝑥)Δ𝐵𝑘𝑚+1)

and

𝑋
0,𝑥
2 =𝐺−1 (𝑋 0,𝑥

1 + 𝑔(𝑋 0,𝑥
1 , 𝑥)Δ𝐵1) = 𝐺−1 (𝐺1 (𝑥,Δ𝐵0)) + 𝑔(𝐺1 (𝑥,Δ𝐵0), 𝑥)Δ𝐵1).

Therefore, there exists a function 𝐺2 : ℝ𝑑 ×ℝ𝑚 ×ℝ𝑚 → ℝ𝑑 such that

𝑋
𝑘𝑚,𝑥

𝑘𝑚+2 = 𝐺2 (𝑥,Δ𝐵𝑘𝑚,Δ𝐵𝑘𝑚+1)
and

𝑋
0,𝑥
2 = 𝐺2 (𝑥,Δ𝐵0,Δ𝐵1).

Since (Δ𝐵𝑘𝑚, Δ𝐵𝑘𝑚+1) and (Δ𝐵0, Δ𝐵1) have the same distribution, 𝑋𝑘𝑚,𝑥
𝑘𝑚+2 and 𝑋 0,𝑥

2

are identical in distribution.
By the same procedure as above, there exists a function 𝐺𝑚 such that

𝑌
𝑘,𝑥

𝑘+1 = 𝑋
𝑘𝑚,𝑥

(𝑘+1)𝑚 = 𝐺𝑚 (𝑥,Δ𝐵𝑘𝑚,Δ𝐵𝑘𝑚+1, · · · ,Δ𝐵𝑘𝑚+𝑚−1) (19)

and

𝑌
0,𝑥
1 = 𝑋 0,𝑥

𝑚 = 𝐺𝑚 (𝑥,Δ𝐵0,Δ𝐵1, · · · ,Δ𝐵𝑚−1).
Since (Δ𝐵𝑘𝑚,Δ𝐵𝑘𝑚+1, · · · ,Δ𝐵𝑘𝑚+𝑚−1) and (Δ𝐵0,Δ𝐵1, · · · ,Δ𝐵𝑚−1) have the same dis-

tribution, 𝑌𝑘,𝑥
𝑘+1 and 𝑌 0,𝑥

1 are also identical in distribution. Hence

ℙ{𝑌𝑘+1 ∈ 𝐵 |𝑌𝑘 = 𝑥} = ℙ{𝑌1 ∈ 𝐵 |𝑌0 = 𝑥}
for any 𝐵 ∈ B(ℝ𝑑 ). Further, for any 𝑘, 𝑘 ′ ∈ ℕ, we have

ℙ{𝑌𝑘+𝑘 ′ ∈ 𝐵 |𝑌𝑘 ′ = 𝑥} = ℙ{𝑌𝑘 ∈ 𝐵 |𝑌0 = 𝑥},
which implies the time-homogeneous property.
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(ii) Markov property. By the uniqueness of the numerical solution of (16), we
have

𝑌
0,𝑥
𝑘+1 = 𝑋

0,𝑥
(𝑘+1)𝑚 = 𝑋

𝑘𝑚,𝑋
0,𝑥
𝑘𝑚

(𝑘+1)𝑚 = 𝑌
𝑘,𝑌

0,𝑥
𝑘

𝑘+1 , 𝑎.𝑠 .

For 𝑘 ∈ ℕ, define Ḡ𝑘+1,𝑘 := 𝜎{Δ𝐵𝑘𝑚+𝑙 , 𝑙 = 0, 1, 2, · · · ,𝑚−1}. Then Ḡ𝑘+1,𝑘 is independent

of F𝑘 . From (19), for fixed 𝑦 ∈ ℝ𝑑 , we know that 𝑌
𝑘,𝑦

𝑘+1 is Ḡ𝑘+1,𝑘 -measurable, and thus
is independent of F𝑘 . Using similar techniques as Step 2 in Theorem 2.2, we obtain

that 𝑌𝑘,·
𝑘+1 is B(ℝ𝑑 ) ⊗ Ḡ𝑘+1,𝑘 -measurable. Since 𝑌 0,𝑥

𝑘
is F𝑘 -measurable,

𝔼 [𝜑 (𝑌𝑘+1) |F𝑘 ] =𝔼
[
𝜑 (𝑌𝑘,𝑌𝑘

𝑘+1 ) |F𝑘
]
= 𝔼

[
𝜑 (𝑌𝑘,𝑦

𝑘+1)
] ���
𝑦=𝑌𝑘

= 𝔼 [𝜑 (𝑌𝑘+1) |𝑌𝑘 ] ,

which is the required Markov property. Further, the same procedure yields

𝔼 [𝜑 (𝑌𝑘+𝑘 ′ ) |F𝑘 ] = 𝔼 [𝜑 (𝑌𝑘+𝑘 ′ ) |𝑌𝑘 ] .

The proof is completed. □

Remark 4. Though SDEs with PCAs are a special class of equations with delay,
the hybrid characteristic of discrete and continuous dynamic systems shows some
difference in the analysis of the properties of exact solutions and numerical methods
with the stochastic delay differential equation.

Taking the Markov property for instance, we directly analyze this property of
the numerical solution {𝑌𝑘 }𝑘∈ℕ for the SDE with PCAs, while it is considered for
the corresponding segment process of the continuous formulation of the numerical
solution for the stochastic delay differential equation. Moreover, compared with
the stochastic delay differential equation, numerical methods are generally required
some additional algebraic stability when solving the SDE with PCAs.

Before we present the existence and uniqueness of the invariant measure of
{𝑌𝑘 }𝑘∈ℕ, we prepare several lemmas, including the mean-square boundedness and
the dependence on initial data of the numerical solution.

Lemma 3.2. For a nonnegative sequence 𝑍𝑘𝑚+𝑙+1, if there exist 𝛼 > 𝛽 > 0, 𝛾 > 0
such that 1 − 𝛼𝛿 > 0 and

𝑍𝑘𝑚+𝑙+1 ≤ (1 − 𝛼𝛿)𝑍𝑘𝑚+𝑙 + 𝛽𝛿𝑍𝑘𝑚 + 𝛾𝛿 (20)

for 𝑘 ∈ ℕ, 𝑙 = 0, 1, · · · ,𝑚 − 1, then

𝑍𝑘𝑚+𝑙+1 ≤
(
𝛽

𝛼
+

(
1 − 𝛽

𝛼

)
𝑒−𝛼 (𝑙+1)𝛿

)
𝑍𝑘𝑚 + 𝛾

𝛼
. (21)

Proof. From 1 − 𝛼𝛿 > 0 and (20), it follows

𝑍𝑘𝑚+𝑙+1 ≤(1 − 𝛼𝛿)𝑙+1𝑍𝑘𝑚 + 𝛽

𝛼

(
1 − (1 − 𝛼𝛿)𝑙+1

)
𝑍𝑘𝑚 + 𝛾

𝛼

(
1 − (1 − 𝛼𝛿)𝑙+1

)
=

(
𝛽

𝛼
+

(
1 − 𝛽

𝛼

)
(1 − 𝛼𝛿)𝑙+1

)
𝑍𝑘𝑚 + 𝛾

𝛼

(
1 − (1 − 𝛼𝛿)𝑙+1

)
≤

(
𝛽

𝛼
+

(
1 − 𝛽

𝛼

)
𝑒−𝛼 (𝑙+1)𝛿

)
𝑍𝑘𝑚 + 𝛾

𝛼
,

(22)

where in the last step we use 1 − 𝛽

𝛼
> 0. This completes the proof. □

Lemma 3.3. Let conditions in Lemma 2.4 hold. Then there exists a positive constant
𝐶 := 𝐶 (𝜆1, 𝜆2, 𝜆3, 𝑝) independent of 𝛿, 𝑘 and 𝑙 such that

𝔼∥𝑋𝑘𝑚+𝑙+1∥2𝑝 ≤ 𝐶 (1 + ∥𝑥 ∥2𝑝 ) (23)
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for 𝑘 ∈ ℕ, 𝑙 = 0, 1, · · · ,𝑚 − 1 and 𝛿 ∈ (0, 𝛿0) with 𝛿0 being sufficiently small.

Proof. Case 1. If 𝑝 = 1, then taking the inner product of (16) with 𝑋𝑘𝑚+𝑙+1, we get

∥𝑋𝑘𝑚+𝑙+1∥2 − ∥𝑋𝑘𝑚+𝑙 ∥2 + ∥𝑋𝑘𝑚+𝑙+1 − 𝑋𝑘𝑚+𝑙 ∥2

=2𝛿 ⟨𝑋𝑘𝑚+𝑙+1, 𝑓 (𝑋𝑘𝑚+𝑙+1, 𝑋𝑘𝑚)⟩ + 2 ⟨𝑋𝑘𝑚+𝑙+1, 𝑔(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)Δ𝐵𝑘𝑚+𝑙 ⟩ .
(24)

From (5) and (6), it follows

𝔼 ∥𝑋𝑘𝑚+𝑙+1∥2

≤𝔼 ∥𝑋𝑘𝑚+𝑙 ∥2 + 𝛿𝔼 ∥𝑔(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)∥2 + 2𝛿𝔼 ⟨𝑋𝑘𝑚+𝑙+1, 𝑓 (𝑋𝑘𝑚+𝑙+1, 𝑋𝑘𝑚)⟩
≤(1 + 2𝜆3𝛿)𝔼 ∥𝑋𝑘𝑚+𝑙 ∥2 − 𝛿 (2𝜆1 − 1)𝔼 ∥𝑋𝑘𝑚+𝑙+1∥2

+ 2𝛿 (𝜆2 + 𝜆3)𝔼 ∥𝑋𝑘𝑚 ∥2 + 2𝛿 (∥ 𝑓 (0, 0)∥2 + ∥𝑔(0, 0)∥2).

(25)

Let 𝛼2 := 2𝜆1−2𝜆3−1
1+(2𝜆1−1)𝛿 , 𝛽2 := 2(𝜆2+𝜆3 )

1+(2𝜆1−1)𝛿 and 𝛾2 :=
2( ∥ 𝑓 (0,0) ∥2+∥𝑔 (0,0) ∥2 )

1+(2𝜆1−1)𝛿 . Then

𝔼 ∥𝑋𝑘𝑚+𝑙+1∥2 ≤(1 − 𝛼2𝛿)𝔼 ∥𝑋𝑘𝑚+𝑙 ∥2 + 𝛽2𝛿𝔼 ∥𝑋𝑘𝑚 ∥2 + 𝛾2𝛿. (26)

Since 𝜆1 − 𝜆2 − 2𝜆3 − 1 > 0, we have 0 < 𝛼2𝛿 < 1 and
𝛽2
𝛼2

< 1 for any 𝛿 ∈ (0, 1). By

Lemma 3.2, (26) yields

𝔼 ∥𝑋𝑘𝑚+𝑙+1∥2 ≤
(
𝛽2

𝛼2
+

(
1 − 𝛽2

𝛼2

)
𝑒−𝛼2𝛿 (𝑙+1)

)
𝔼 ∥𝑋𝑘𝑚 ∥2 + 𝛾2

𝛼2

= : 𝑟2 (𝑙)𝔼 ∥𝑋𝑘𝑚 ∥2 + 𝛾2
𝛼2
.

(27)

Here 0 < 𝑟2 (𝑙) < 1 for 𝑙 = 0, 1, 2, · · · ,𝑚 − 1. If 𝑙 =𝑚 − 1, then

𝔼


𝑋 (𝑘+1)𝑚



2 ≤ 𝑟2 (𝑚 − 1)𝔼 ∥𝑋𝑘𝑚 ∥2 + 𝛾2
𝛼2
.

Let 𝐹1 :=
(
𝛽2
𝛼2

+
(
1− 𝛽2

𝛼2

)
𝑒−(2𝜆1−2𝜆3−1)

)−1
, 𝐹2 :=

(
1− 𝛽2

𝛼2
−

(
1− 𝛽2

𝛼2

)
𝑒
− 2𝜆1−2𝜆3−1

2𝜆1

)−1
. Then

𝔼 ∥𝑋𝑘𝑚+𝑙+1∥2 ≤𝑟2 (𝑙) (𝑟2 (𝑚 − 1))𝑘 ∥𝑥 ∥2 + 𝛾2
𝛼2

+ 𝛾2
𝛼2
𝑟2 (𝑙)

(
1 + 𝑟2 (𝑚 − 1) + · · · + (𝑟2 (𝑚 − 1))𝑘

)
≤ 1

𝑟2 (𝑚 − 1) 𝑒
(𝑘𝑚+𝑙+1)𝛿 log 𝑟2 (𝑚−1) ∥𝑥 ∥2 + 𝛾2

𝛼2
· 2 − 𝑟2 (𝑚 − 1)
1 − 𝑟2 (𝑚 − 1)

≤𝐹1∥𝑥 ∥2 +
𝛾2

𝛼2
(1 + 𝐹2)

≤
(
𝐹1 +

𝛾1

𝛼2
(1 + 𝐹2)

)
(1 + ∥𝑥 ∥2),

(28)

where we use 𝛿 ∈ (0, 1) and 0 < 𝑟2 (𝑙) < 1 for 𝑙 = 0, 1, 2, · · · ,𝑚 − 1.

Case 2. For 𝑝 > 1, we show the assertion (23) by induction. Since 𝜆1−𝜆2−2𝜆3−1 > 0,
Case 1 implies that 𝔼∥𝑋𝑘𝑚+𝑙+1∥2𝑝

′ ≤ 𝐶 (1 + ∥𝑥 ∥2) holds with 𝑝′ = 1. Multiplying (24)
by ∥𝑋𝑘𝑚+𝑙+1∥2 and taking expectation yield 𝐿𝐻𝑆 = 𝑅𝐻𝑆, where

𝐿𝐻𝑆

=𝔼 ∥𝑋𝑘𝑚+𝑙+1∥4 − 𝔼 ∥𝑋𝑘𝑚+𝑙+1∥2 ∥𝑋𝑘𝑚+𝑙 ∥2 + 𝔼 ∥𝑋𝑘𝑚+𝑙+1∥2 ∥𝑋𝑘𝑚+𝑙+1 − 𝑋𝑘𝑚+𝑙 ∥2

=
1

2
𝔼

(
∥𝑋𝑘𝑚+𝑙+1∥4 − ∥𝑋𝑘𝑚+𝑙 ∥4 +

(
∥𝑋𝑘𝑚+𝑙+1∥2 − ∥𝑋𝑘𝑚+𝑙 ∥2

)2)
+ 𝔼 ∥𝑋𝑘𝑚+𝑙+1∥2 ∥𝑋𝑘𝑚+𝑙+1 − 𝑋𝑘𝑚+𝑙 ∥2
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and

𝑅𝐻𝑆 =2𝛿𝔼 ∥𝑋𝑘𝑚+𝑙+1∥2 ⟨𝑋𝑘𝑚+𝑙+1, 𝑓 (𝑋𝑘𝑚+𝑙+1, 𝑋𝑘𝑚)⟩
+ 2𝔼 ∥𝑋𝑘𝑚+𝑙+1∥2 ⟨𝑋𝑘𝑚+𝑙+1, 𝑔(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)Δ𝐵𝑘𝑚+𝑙 ⟩

=2𝛿𝔼 ∥𝑋𝑘𝑚+𝑙+1∥2 ⟨𝑋𝑘𝑚+𝑙+1, 𝑓 (𝑋𝑘𝑚+𝑙+1, 𝑋𝑘𝑚)⟩
+ 2𝔼 ∥𝑋𝑘𝑚+𝑙+1∥2 ⟨𝑋𝑘𝑚+𝑙+1 − 𝑋𝑘𝑚+𝑙 , 𝑔(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)Δ𝐵𝑘𝑚+𝑙 ⟩
+ 2𝔼 ∥𝑋𝑘𝑚+𝑙+1∥2 ⟨𝑋𝑘𝑚+𝑙 , 𝑔(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)Δ𝐵𝑘𝑚+𝑙 ⟩

=:𝑅1 + 𝑅2 + 𝑅3.

For term 𝑅1, by (5) and 2𝑎𝑏 ≤ 𝑎2 + 𝑏2, we have

𝑅1 ≤ − (2𝜆1 − 1) 𝛿𝔼 ∥𝑋𝑘𝑚+𝑙+1∥4 + 2𝜆2𝛿𝔼 ∥𝑋𝑘𝑚+𝑙+1∥2 ∥𝑋𝑘𝑚+𝑙 ∥2

+ ∥ 𝑓 (0, 0)∥2𝛿𝔼 ∥𝑋𝑘𝑚+𝑙+1∥2

≤ − (2𝜆1 − 1 − 𝜆2) 𝛿𝔼 ∥𝑋𝑘𝑚+𝑙+1∥4+𝜆2𝛿𝔼 ∥𝑋𝑘𝑚+𝑙 ∥4

+2∥ 𝑓 (0, 0)∥2𝛿𝔼 ∥𝑋𝑘𝑚+𝑙+1∥2 .

For terms 𝑅2 and 𝑅3, according to (6) and 2𝑎𝑏 ≤ 𝜖𝑎2 + 1
𝜖
𝑏2, 𝜖 > 0, we obtain

𝑅2 ≤𝔼∥𝑋𝑘𝑚+𝑙+1∥2∥𝑋𝑘𝑚+𝑙+1 − 𝑋𝑘𝑚+𝑙 ∥2 + 𝔼∥𝑋𝑘𝑚+𝑙 ∥2∥𝑔(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)Δ𝐵𝑘𝑚+𝑙 ∥2

+ 𝔼
(
∥𝑋𝑘𝑚+𝑙+1∥2 − ∥𝑋𝑘𝑚+𝑙 ∥2

)
∥𝑔(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)Δ𝐵𝑘𝑚+𝑙 ∥2

≤𝔼∥𝑋𝑘𝑚+𝑙+1∥2∥𝑋𝑘𝑚+𝑙+1 − 𝑋𝑘𝑚+𝑙 ∥2 +
𝜖1

4
𝔼

(
∥𝑋𝑘𝑚+𝑙+1∥2 − ∥𝑋𝑘𝑚+𝑙 ∥2

)2
+ 1

𝜖1
𝔼∥𝑔(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)Δ𝐵𝑘𝑚+𝑙 ∥4 + 𝔼∥𝑋𝑘𝑚+𝑙 ∥2∥𝑔(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)Δ𝐵𝑘𝑚+𝑙 ∥2

≤𝔼∥𝑋𝑘𝑚+𝑙+1∥2∥𝑋𝑘𝑚+𝑙+1 − 𝑋𝑘𝑚+𝑙 ∥2 +
𝜖1

4
𝔼

(
∥𝑋𝑘𝑚+𝑙+1∥2 − ∥𝑋𝑘𝑚+𝑙 ∥2

)2
+ 3

𝜖1
𝛿2𝔼(2𝜆3∥𝑋𝑘𝑚+𝑙 ∥2 + 2𝜆3∥𝑋𝑘𝑚 ∥2 + 2∥𝑔(0, 0)∥2)2

+ 2𝜆3𝛿𝔼∥𝑋𝑘𝑚+𝑙 ∥4 + 2𝜆3𝛿𝔼∥𝑋𝑘𝑚+𝑙 ∥2∥𝑋𝑘𝑚 ∥2 + 2∥𝑔(0, 0)∥2𝛿𝔼∥𝑋𝑘𝑚+𝑙 ∥2

=𝔼∥𝑋𝑘𝑚+𝑙+1∥2∥𝑋𝑘𝑚+𝑙+1 − 𝑋𝑘𝑚+𝑙 ∥2 +
𝜖1

4
𝔼

(
∥𝑋𝑘𝑚+𝑙+1∥2 − ∥𝑋𝑘𝑚+𝑙 ∥2

)2
+
(
24𝜆23𝛿

2

𝜖1
+ 3𝜆3𝛿

)
𝔼∥𝑋𝑘𝑚+𝑙 ∥4+

(
24𝜆23𝛿

2

𝜖1
+ 𝜆3𝛿

)
𝔼∥𝑋𝑘𝑚 ∥4+ 12𝛿

2

𝜖1
∥𝑔(0, 0)∥4

+ 24𝜆3𝛿
2

𝜖1
∥𝑔(0, 0)∥2𝔼(∥𝑋𝑘𝑚+𝑙 ∥2 + ∥𝑋𝑘𝑚 ∥2) + 2∥𝑔(0, 0)∥2𝛿𝔼∥𝑋𝑘𝑚+𝑙 ∥2

and

𝑅3 =2𝔼(∥𝑋𝑘𝑚+𝑙+1∥2 − ∥𝑋𝑘𝑚+𝑙 ∥2)⟨𝑋𝑘𝑚+𝑙 , 𝑔(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)⟩Δ𝐵𝑘𝑚+𝑙

≤𝜖2𝔼(∥𝑋𝑘𝑚+𝑙+1∥2 − ∥𝑋𝑘𝑚+𝑙 ∥2)2 +
1

𝜖2
𝔼(⟨𝑋𝑘𝑚+𝑙 , 𝑔(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)⟩Δ𝐵𝑘𝑚+𝑙 )2

≤𝜖2𝔼(∥𝑋𝑘𝑚+𝑙+1∥2 − ∥𝑋𝑘𝑚+𝑙 ∥2)2 +
3𝜆3𝛿

𝜖2
𝔼∥𝑋𝑘𝑚+𝑙 ∥4

+ 𝜆3𝛿
𝜖2

𝔼∥𝑋𝑘𝑚 ∥4 + 2∥𝑔(0, 0)∥2𝛿
𝜖2

𝔼∥𝑋𝑘𝑚+𝑙 ∥2.

Substituting 𝑅1, 𝑅2 and 𝑅3 into 𝑅𝐻𝑆, we get

𝑅𝐻𝑆 ≤ − (2𝜆1 − 1 − 𝜆2)𝛿𝔼∥𝑋𝑘𝑚+𝑙+1∥4 + 𝔼∥𝑋𝑘𝑚+𝑙+1∥2∥𝑋𝑘𝑚+𝑙+1 − 𝑋𝑘𝑚+𝑙 ∥2
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+
(𝜖1
4

+ 𝜖2
)
𝔼

(
∥𝑋𝑘𝑚+𝑙+1∥2 − ∥𝑋𝑘𝑚+𝑙 ∥2

)2
(29)

+
(
24𝜆23𝛿

2

𝜖1
+ 3𝜆3𝛿 + 𝜆2𝛿 +

3𝜆3𝛿

𝜖2

)
𝔼∥𝑋𝑘𝑚+𝑙 ∥4

+
(
24𝜆23𝛿

2

𝜖1
+ 𝜆3𝛿 +

𝜆3𝛿

𝜖2

)
𝔼∥𝑋𝑘𝑚 ∥4 +𝐶𝛿 (1 + ∥𝑥 ∥2),

where 𝔼∥𝑋𝑘𝑚+𝑙+1∥2 ≤ 𝐶 (1 + ∥𝑥 ∥2), 𝑘 ∈ ℕ, 𝑙 = 0, 1, · · · ,𝑚 − 1 are used and 𝐶 is

independent of 𝛿, 𝑘 and 𝑙 . Let 𝜖2 + 𝜖1
4 = 1

2 , 𝛼3 =
2(2𝜆1−1−𝜆2 )−

48𝜆23𝛿

𝜖1
−2𝜆2−6𝜆3− 6𝜆3

𝜖2

1+2(2𝜆1−1−𝜆2 )𝛿 and

𝛽3 =

48𝜆23𝛿

𝜖1
+2𝜆3+ 2𝜆3

𝜖2

1+2(2𝜆1−1−𝜆2 )𝛿 . Recall that 𝐿𝐻𝑆 = 𝑅𝐻𝑆,

(1 + 2(2𝜆1 − 1 − 𝜆2)𝛿)𝔼∥𝑋𝑘𝑚+𝑙+1∥4

≤
(
1 +

48𝜆23𝛿
2

𝜖1
+ 6𝜆3𝛿 +

6𝜆3𝛿

𝜖2
+ 2𝜆2𝛿

)
𝔼∥𝑋𝑘𝑚+𝑙 ∥4

+
(
48𝜆23𝛿

2

𝜖1
+ 2𝜆3𝛿 +

2𝜆3𝛿

𝜖2

)
𝔼∥𝑋𝑘𝑚 ∥4 +𝐶𝛿 (1 + ∥𝑥 ∥2),

which implies

𝔼∥𝑋𝑘𝑚+𝑙+1∥4 ≤(1 − 𝛼3𝛿)𝔼∥𝑋𝑘𝑚+𝑙 ∥4 + 𝛽3𝛿𝔼∥𝑋𝑘𝑚 ∥4 +𝐶𝛿 (1 + ∥𝑥 ∥2).

Up to now, it suffices to show that

𝛼3 − 𝛽3 =
2 (2𝜆1 − 1 − 2𝜆2 − 4𝜆3) −

96𝜆23𝛿

𝜖1
− 8𝜆3

𝜖2

1 + 2(2𝜆1 − 1 − 𝜆2)𝛿
> 0.

Since 1 + 2(2𝜆1 − 1 − 𝜆2)𝛿 > 0, we just need

2𝜆1 − 1 − 2𝜆2 − 4𝜆3 >
48𝜆23𝛿

𝜖1
+ 4𝜆3
𝜖2

.

Note that the condition 𝜆1 − 1 − 𝜆2 − 2𝜆3 > 4(𝑝 − 1)𝜆3 equals to 2𝜆1 − 1 − 2𝜆2 − 4𝜆3 >

8(𝑝 − 1)𝜆3 + 1, and 8(𝑝 − 1)𝜆3 + 1 > 8𝜆3 + 1. We choose 𝜖2 =
8𝜆3

16𝜆3+1 , then

4𝜆3
𝜖2

= 8𝜆3 +
1

2
,

and there exists 𝛿 ′ > 0 such that

48𝜆23𝛿

𝜖1
≤ 1

2
, ∀ 𝛿 ∈ (0, 𝛿 ′),

which leads to
48𝜆23𝛿

𝜖1
+ 4𝜆3
𝜖2

≤ 8𝜆3 + 1 < 2𝜆1 − 1 − 2𝜆2 − 4𝜆3,

i.e., 𝛼3 − 𝛽3 > 0. Therefore, there exists 𝐶 > 0 independent of 𝛿, 𝑘 and 𝑙 such that

𝔼∥𝑋𝑘𝑚+𝑙+1∥4 ≤ 𝐶 (1 + ∥𝑥 ∥4)
for all 𝑘 ∈ ℕ and 𝑙 = 0, 1, · · · ,𝑚 − 1. This implies that 𝔼∥𝑋𝑘𝑚+𝑙+1∥2𝑝

′ ≤ 𝐶 (1 + ∥𝑥 ∥2𝑝′ )
holds with 𝑝′ = 2.

By repeating the same procedure as the case 𝑝′ = 2, there exist 𝛿0 > 0 and 𝐶 > 0
independent of 𝛿 , 𝑘 and 𝑙 such that 𝔼∥𝑋𝑘𝑚+𝑙+1∥2𝑝

′ ≤ 𝐶 (1 + ∥𝑥 ∥2𝑝′ ) for 𝑝′ = 3, 4, · · · , 𝑝,
which completes the proof. □
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Corollary 1. Under Assumption 2.1, if 𝜆1−𝜆2−2𝜆3−1 > 0, then, for any 𝛿 ∈ (0, 1),
there exists a constant 𝐶2 > 0 independent of 𝛿 and 𝑘 such that {𝑌 0,𝑥

𝑘
}𝑘∈ℕ satisfies

sup
𝑘∈ℕ

𝔼


𝑌 0,𝑥
𝑘



2 ≤ 𝐶2 (1 + ∥𝑥 ∥2). (30)

Denote 𝛼4 := 2𝜆1−𝜆3−1
1+(2𝜆1−1)𝛿 , 𝛽4 := 𝜆2+𝜆3

1+(2𝜆1−1)𝛿 and 𝑟3 (𝑙) :=
𝛽4
𝛼4

+
(
1 − 𝛽4

𝛼4

)
𝑒−𝛼4 (𝑙+1)𝛿 ,

𝑙 = 0, 1, 2, · · · ,𝑚 − 1. By 𝜆1 − 𝜆2 − 2𝜆3 − 1 > 0, we get 0 < 𝛼4𝛿 < 1,
𝛽4
𝛼4

< 1 and thus

0 < 𝑟3 (𝑙) < 1 for 𝑙 = 0, 1, 2, · · · ,𝑚 − 1 and 𝛿 ∈ (0, 1). In what follows, we show the
continuous dependence on initial data of {𝑌𝑘 }𝑘∈ℕ.

Lemma 3.4. Let Assumption 2.1 hold. If 𝜆1 − 𝜆2 − 2𝜆3 − 1 > 0, then, for any
𝛿 ∈ (0, 1) and any two initial values 𝑥,𝑦 ∈ ℝ𝑑 with 𝑥 ≠ 𝑦, the solutions generated by
the BE method satisfy

𝔼




𝑌 0,𝑥
𝑘+1 − 𝑌

0,𝑦

𝑘+1




2 ≤ 1

𝑟3 (𝑚 − 1) 𝑒
(𝑘+1) log 𝑟3 (𝑚−1) ∥𝑥 − 𝑦∥2. (31)

Proof. For any initial data 𝑥,𝑦 ∈ ℝ𝑑 , Assumption 2.1 leads to

𝔼




𝑋 0,𝑥
𝑘𝑚+𝑙+1 − 𝑋

0,𝑦

𝑘𝑚+𝑙+1




2
=𝔼




𝑋 0,𝑥
𝑘𝑚+𝑙 − 𝑋

0,𝑦

𝑘𝑚+𝑙




2 − 𝛿2𝔼 


𝑓 (𝑋 0,𝑥
𝑘𝑚+𝑙+1, 𝑋

0,𝑥
𝑘𝑚

) − 𝑓 (𝑋 0,𝑦

𝑘𝑚+𝑙+1, 𝑋
0,𝑦

𝑘𝑚
)



2

+ 2𝛿𝔼
〈
𝑋

0,𝑥
𝑘𝑚+𝑙+1 − 𝑋

0,𝑦

𝑘𝑚+𝑙+1, 𝑓 (𝑋
0,𝑥
𝑘𝑚+𝑙+1, 𝑋

0,𝑥
𝑘𝑚

) − 𝑓 (𝑋 0,𝑦

𝑘𝑚+𝑙+1, 𝑋
0,𝑦

𝑘𝑚
)
〉

+ 𝔼




(𝑔(𝑋 0,𝑥
𝑘𝑚+𝑙 , 𝑋

0,𝑥
𝑘𝑚

) − 𝑔(𝑋 0,𝑦

𝑘𝑚+𝑙 , 𝑋
0,𝑦

𝑘𝑚
)
)
Δ𝐵𝑘𝑚+𝑙




2
≤(1 + 𝜆3𝛿)𝔼




𝑋 0,𝑥
𝑘𝑚+𝑙 − 𝑋

0,𝑦

𝑘𝑚+𝑙




2 + (𝜆2 + 𝜆3)𝛿𝔼



𝑋 0,𝑥

𝑘𝑚
− 𝑋 0,𝑦

𝑘𝑚




2
− (2𝜆1 − 1)𝛿𝔼




𝑋 0,𝑥
𝑘𝑚+𝑙+1 − 𝑋

0,𝑦

𝑘𝑚+𝑙+1




2 .
Therefore

𝔼




𝑋 0,𝑥
𝑘𝑚+𝑙+1 − 𝑋

0,𝑦

𝑘𝑚+𝑙+1




2
≤(1 − 𝛼4𝛿)𝔼




𝑋 0,𝑥
𝑘𝑚+𝑙 − 𝑋

0,𝑦

𝑘𝑚+𝑙




2 + 𝛽4𝛿𝔼 


𝑋 0,𝑥
𝑘𝑚

− 𝑋 0,𝑦

𝑘𝑚




2
≤

(
𝛽4

𝛼4
+

(
1 − 𝛽4

𝛼4

)
(1 − 𝛼4𝛿)𝑙+1

)
𝔼




𝑋 0,𝑥
𝑘𝑚

− 𝑋 0,𝑦

𝑘𝑚




2
≤𝑟3 (𝑙)𝔼




𝑋 0,𝑥
𝑘𝑚

− 𝑋 0,𝑦

𝑘𝑚




2 .
(32)

If 𝑙 =𝑚 − 1, then

𝔼




𝑋 0,𝑥
(𝑘+1)𝑚 − 𝑋 0,𝑦

(𝑘+1)𝑚




2 ≤ 𝑟3 (𝑚 − 1)𝔼



𝑋 0,𝑥

𝑘𝑚
− 𝑋 0,𝑦

𝑘𝑚




2 .
Therefore, (32) yields

𝔼




𝑋 0,𝑥
𝑘𝑚+𝑙+1 − 𝑋

0,𝑦

𝑘𝑚+𝑙+1




2 ≤𝑟3 (𝑙)𝔼



𝑋 0,𝑥

𝑘𝑚
− 𝑋 0,𝑦

𝑘𝑚




2
≤ 1

𝑟3 (𝑚 − 1) 𝑒
(𝑘𝑚+𝑙+1)𝛿 log 𝑟3 (𝑚−1) ∥𝑥 − 𝑦∥2

(33)
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and

𝔼




𝑌 0,𝑥
𝑘+1 − 𝑌

0,𝑦

𝑘+1




2 =𝔼




𝑋 0,𝑥
(𝑘+1)𝑚 − 𝑋 0,𝑦

(𝑘+1)𝑚




2
≤ 1

𝑟3 (𝑚 − 1) 𝑒
(𝑘+1) log 𝑟3 (𝑚−1) ∥𝑥 − 𝑦∥2.

(34)

The proof is completed. □

Now, we are in a position to show the existence and uniqueness of the BE method’s
invariant measure.

Theorem 3.5. Under the assumption of Theorem 2.3, for any 𝛿 ∈ (0, 1), the Markov
chain {𝑌 0,𝑥

𝑘
}𝑘∈ℕ admits a unique invariant measure 𝜋𝛿 and there exist two positive

constants 𝐶3 := 𝐶3 (∥𝜑 ∥1, 𝜆1, 𝜆2, 𝜆3) and 𝜈 := 𝜈 (𝜆1, 𝜆2, 𝜆3) independent of 𝑥, 𝛿 and 𝑘
such that ����𝔼𝜑 (𝑌 0,𝑥

𝑘
) −

∫
ℝ𝑑

𝜑 (𝑥)𝜋𝛿 (𝑑𝑥)
���� ≤ 𝐶3 (1 + ∥𝑥 ∥)𝑒−𝜈𝑘 , ∀ 𝜑 ∈ 𝐶1

𝑏
(ℝ𝑑 ). (35)

Proof. According to the Chebyshev’s inequality and (30), it follows that the transition
probability measure {𝑃𝛿

𝑘
(𝑥, ·)}𝑘∈ℕ is tight. Define

𝜇𝛿𝐾 (𝐵) =
1

𝐾

𝐾−1∑︁
𝑘=0

𝑃𝛿
𝑘
(𝑥, 𝐵), ∀ 𝐵 ∈ B(ℝ𝑑 ), 𝐾 ∈ ℕ,

then 𝜇𝛿
𝐾
(·) ∈ P (ℝ𝑑 ) for any 𝐾 ∈ ℕ and {𝜇𝛿

𝐾
(·)}𝐾≥0 is tight. By the Prokhorov

theorem [6], {𝜇𝛿
𝐾
(·)}𝐾∈ℕ is weakly relatively compact, i.e., there exists 𝜋𝛿 ∈ P (ℝ𝑑 )

such that the subsequence {𝜇𝛿
𝐾𝑖
}𝐾𝑖 ∈ℕ is weakly convergent to 𝜋𝛿 as 𝐾𝑖 → ∞. Now, we

prove that 𝜋𝛿 is an invariant measure. Indeed, for any 𝜑 ∈ 𝐵𝑏 (ℝ𝑑 ), 𝑘 ∈ ℕ, we have∫
ℝ𝑑

𝑃𝛿
𝑘 ′𝜑 (𝑦)𝜋

𝛿 (𝑑𝑦)

= lim
𝐾𝑖→∞

∫
ℝ𝑑

𝑃𝛿
𝑘 ′𝜑 (𝑦)𝜇

𝛿
𝐾𝑖
(𝑑𝑦) = lim

𝐾𝑖→∞

1

𝐾𝑖

𝐾𝑖−1∑︁
𝑘=0

∫
ℝ𝑑

𝑃𝛿
𝑘 ′𝜑 (𝑦)𝑃

𝛿
𝑘
(𝑥, 𝑑𝑦)

= lim
𝐾𝑖→∞

1

𝐾𝑖

𝐾𝑖−1∑︁
𝑘=0

𝔼
[
𝜑 (𝑌 0,𝑥

𝑘+𝑘 ′ )
]
= lim
𝐾𝑖→∞

1

𝐾𝑖

𝐾𝑖+𝑘 ′−1∑︁
𝑘=𝑘 ′

𝔼
[
𝜑 (𝑌 0,𝑥

𝑘
)
]

= lim
𝐾𝑖→∞

1

𝐾𝑖

(
𝐾𝑖−1∑︁
𝑘=0

𝔼
[
𝜑 (𝑌 0,𝑥

𝑘
)
]
+
𝐾𝑖+𝑘 ′−1∑︁
𝑘=𝐾𝑖

𝔼
[
𝜑 (𝑌 0,𝑥

𝑘
)
]
−
𝑘 ′−1∑︁
𝑘=0

𝔼
[
𝜑 (𝑌 0,𝑥

𝑘
)
] )

= lim
𝐾𝑖→∞

1

𝐾𝑖

𝐾𝑖−1∑︁
𝑘=0

𝔼
[
𝜑 (𝑌 0,𝑥

𝑘
)
]
=

∫
ℝ𝑑

𝜑 (𝑦)𝜋𝛿 (𝑑𝑦),

where 𝑃𝛿
𝑘 ′𝜑 (𝑦) = 𝔼

[
𝜑 (𝑌 0,𝑦

𝑘 ′ )
]
. Below, we show the uniqueness of the invariant measure.

For any 𝑥, 𝑦 ∈ ℝ𝑑 and 𝜑 ∈ 𝐶1
𝑏
, (34) leads to

lim
𝐾→∞

����� 1𝐾 𝐾−1∑︁
𝑘=0

∫
ℝ𝑑

𝜑 (𝑧)𝑃𝛿
𝑘
(𝑥, 𝑑𝑧) − 1

𝐾

𝐾−1∑︁
𝑘=0

∫
ℝ𝑑

𝜑 (𝑧)𝑃𝛿
𝑘
(𝑦,𝑑𝑧)

�����
= lim
𝐾→∞

����� 1𝐾 𝐾−1∑︁
𝑘=0

𝔼
[
𝜑 (𝑌 0,𝑥

𝑘
)
]
− 1

𝐾

𝐾−1∑︁
𝑘=0

𝔼
[
𝜑 (𝑌 0,𝑦

𝑘
)
] �����
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≤ lim
𝐾→∞

∥𝜑 ∥1
𝐾

𝐾−1∑︁
𝑘=0

𝔼

���𝑌 0,𝑥
𝑘

− 𝑌 0,𝑦

𝑘

���
≤ ∥𝑥 − 𝑦∥√︁

𝑟3 (𝑚 − 1)
· lim
𝐾→∞

∥𝜑 ∥1
𝐾

𝐾−1∑︁
𝑘=0

𝑒
𝑘
2
log 𝑟3 (𝑚−1)

=
∥𝑥 − 𝑦∥√︁
𝑟3 (𝑚 − 1)

· lim
𝐾→∞

∥𝜑 ∥1
𝐾

·
1 − exp(𝐾2 log 𝑟3 (𝑚 − 1))

1 − 𝑟3 (𝑚 − 1)
=0,

which means that 𝜋𝛿 is independent of the initial value 𝑥 . In addition, if 𝜋𝛿 ∈ P (ℝ𝑑 )
is another invariant measure of {𝑌 0,𝑥

𝑘
}𝑘∈ℕ, then∫

ℝ𝑑

𝜑 (𝑧)𝜋𝛿 (𝑑𝑧) =
∫
ℝ𝑑

𝑃𝛿
𝑘
𝜑 (𝑧)𝜋𝛿 (𝑑𝑧) = 1

𝐾𝑖

𝐾𝑖−1∑︁
𝑘=0

∫
ℝ𝑑

𝑃𝛿
𝑘
𝜑 (𝑧)𝜋𝛿 (𝑑𝑧)

=

∫
ℝ𝑑

(
lim
𝐾𝑖→∞

1

𝐾𝑖

𝐾𝑖−1∑︁
𝑘=0

∫
ℝ𝑑

𝜑 (𝑦)𝑃𝛿
𝑘
(𝑧, 𝑑𝑦)

)
𝜋𝛿 (𝑑𝑧)

=

∫
ℝ𝑑

𝜑 (𝑦)𝜋𝛿 (𝑑𝑦).

Therefore, 𝜋𝛿 = 𝜋𝛿 , which means that 𝜋𝛿 is the unique invariant measure for
{𝑌 0,𝑥
𝑘

}𝑘∈ℕ.
Moreover, for any 𝑥 ∈ ℝ𝑑 and 𝜑 ∈ 𝐶1

𝑏
(ℝ𝑑 ), Lemma 3.4 yields����𝔼𝜑 (𝑌 0,𝑥

𝑘
) −

∫
ℝ𝑑

𝜑 (𝑦)𝜋𝛿 (𝑑𝑦)
���� = ����𝔼𝜑 (𝑌 0,𝑥

𝑘
) −

∫
ℝ𝑑

𝑃𝛿
𝑘
𝜑 (𝑦)𝜋𝛿 (𝑑𝑦)

����
=

����∫
ℝ𝑑

𝔼𝜑 (𝑌 0,𝑥
𝑘

)𝜋𝛿 (𝑑𝑦) −
∫
ℝ𝑑

𝔼𝜑 (𝑌 0,𝑦

𝑘
)𝜋𝛿 (𝑑𝑦)

���� ≤ ∥𝜑 ∥1
∫
ℝ𝑑

𝔼




𝑌 0,𝑥
𝑘

− 𝑌 0,𝑦

𝑘




𝜋𝛿 (𝑑𝑦)
≤ 1√︁

𝑟3 (𝑚 − 1)
𝑒𝑘/2 log 𝑟3 (𝑚−1)

∫
ℝ𝑑

∥𝑥 − 𝑦∥ 𝜋𝛿 (𝑑𝑦) ≤ 𝐶3 (1 + ∥𝑥 ∥)𝑒−𝜈𝑘 ,

where 𝜈 = − 1
2 log 𝑟3 (𝑚 − 1). We complete the proof. □

4. Approximation of invariant measure. In this section, we aim to estimate
the error between invariant measures 𝜋 and 𝜋𝛿 , i.e.,����∫

ℝ𝑑

𝜙 (𝑥)𝜋 (𝑑𝑥) −
∫
ℝ𝑑

𝜙 (𝑥)𝜋𝛿 (𝑑𝑥)
���� .

Unless otherwise specified, we assume that 𝐵(𝑡) is a 1-dimensional Brownian motion
for simplicity throughout this section. According to the uniqueness of the invariant
measures 𝜋 and 𝜋𝛿 , we know that both the Markov chains {𝑋 (𝑘)}𝑘∈ℕ and {𝑌𝑘 }𝑘∈ℕ
are ergodic, that is

lim
𝐾→∞

1

𝐾

𝐾−1∑︁
𝑘=0

𝔼𝜙 (𝑋 (𝑘)) =
∫
ℝ𝑑

𝜙 (𝑥)𝜋 (𝑑𝑥) and lim
𝐾→∞

1

𝐾

𝐾−1∑︁
𝑘=0

𝔼𝜙 (𝑌𝑘 ) =
∫
ℝ𝑑

𝜙 (𝑥)𝜋𝛿 (𝑑𝑥).
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Therefore,����∫
ℝ𝑑

𝜙 (𝑥)𝜋 (𝑑𝑥) −
∫
ℝ𝑑

𝜙 (𝑥)𝜋𝛿 (𝑑𝑥)
���� = ����� lim𝐾→∞

1

𝐾

𝐾−1∑︁
𝑘=0

[
𝔼𝜙 (𝑋 (𝑘)) −

𝐾−1∑︁
𝑘=0

𝔼𝜙 (𝑌𝑘 )
] �����

≤ lim
𝐾→∞

1

𝐾

𝐾−1∑︁
𝑘=0

|𝔼𝜙 (𝑋 (𝑘)) − 𝔼𝜙 (𝑌𝑘 ) | .

From the inequality above, it is observed that the error between 𝜋 and 𝜋𝛿 can
be estimated by the weak error of the BE method. So, we contribute on the
time-independent weak convergence analysis of the BE method and then give the
approximation between 𝜋 and 𝜋𝛿 .

4.1. A priori estimates. Suppose that the Fréchet partial derivatives of 𝑓 and 𝑔
exist, then the definition of Fréchet derivatives and Assumption 2.1 yield

𝜉𝑇
𝜕𝑓

𝜕𝑥
(𝑥,𝑦)𝜉 ≤ −𝜆1∥𝜉 ∥2,





 𝜕𝑓𝜕𝑦 (𝑥,𝑦)𝜉



2 ≤ 𝜆2∥𝜉 ∥2, ∀ 𝜉 ∈ ℝ𝑑 (36)

and 



 𝜕𝑔𝜕𝑥 (𝑥,𝑦)𝜉



2 ∨ 



 𝜕𝑔𝜕𝑦 (𝑥,𝑦)𝜉



2 ≤ 𝜆3∥𝜉 ∥2, ∀ 𝜉 ∈ ℝ𝑑 . (37)

Denote D and 𝐷 by the Malliavin differentiation operator and the Fréchet dif-
ferentiation operator, respectively. We get the uniform estimation of the Fréchet
derivative of 𝑋 𝑖,𝜂 (𝑡) as follows.

Lemma 4.1. Assume that the Fréchet derivatives of 𝑓 and 𝑔 exist and the conditions
in Lemma 2.4 are satisfied. Then, for fixed 𝑖 ∈ ℕ, there exist two positive constants
𝐶 := 𝐶 (𝜆1, 𝜆2, 𝜆3, 𝑝) and 𝜈1 := 𝜈1 (𝜆1, 𝜆2, 𝜆3, 𝑝) independent of 𝑡 such that

𝔼


𝐷𝑋 𝑖,𝜂 (𝑡)𝜉

2𝑝 ≤ 𝐶𝑒−𝜈1 (𝑡−𝑖 ) ∥𝜉 ∥2𝑝 , 𝑡 ≥ 𝑖, (38)

where 𝜉 ∈ ℝ𝑑 and 𝜂 ∈ 𝐿2𝑝 (Ω,ℝ𝑑 ;F𝑖 ).

Proof. For any 𝜉 ∈ ℝ𝑑 , we have

𝐷𝑋 𝑖,𝜂 (𝑡)𝜉 = 𝐷𝑋 𝑖,𝜂 ( [𝑡])𝜉

+
∫ 𝑡

[𝑡 ]

(
𝜕𝑓

𝜕𝑥
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡]))𝐷𝑋 𝑖,𝜂 (𝑠)𝜉 + 𝜕𝑓

𝜕𝑦
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡]))𝐷𝑋 𝑖,𝜂 ( [𝑡])𝜉

)
𝑑𝑠

+
∫ 𝑡

[𝑡 ]

(
𝜕𝑔

𝜕𝑥
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡]))𝐷𝑋 𝑖,𝜂 (𝑠)𝜉 + 𝜕𝑔

𝜕𝑦
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡]))𝐷𝑋 𝑖,𝜂 ( [𝑡])𝜉

)
𝑑𝐵(𝑠).

Denote 𝐻 (𝑡) := 𝐷𝑋 𝑖,𝜂 (𝑡)𝜉. For any 𝛼 > 0, applying Itô’s formula to 𝑒2𝛼𝑝𝑡 ∥𝐻 (𝑡)∥2𝑝 ,
we obtain

𝑒2𝛼𝑝𝑡𝔼 ∥𝐻 (𝑡)∥2𝑝

≤𝑒2𝛼𝑝 [𝑡 ]𝔼 ∥𝐻 ( [𝑡])∥2𝑝 + 2𝛼𝑝𝔼

∫ 𝑡

[𝑡 ]
𝑒2𝛼𝑝𝑠 ∥𝐻 (𝑠)∥2𝑝 𝑑𝑠

+ 2𝑝𝔼

∫ 𝑡

[𝑡 ]
𝑒2𝛼𝑝𝑠 ∥𝐻 (𝑠)∥2(𝑝−1)

〈
𝐻 (𝑠), 𝜕𝑓

𝜕𝑥
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡]))𝐻 (𝑠)

〉
𝑑𝑠

+ 2𝑝𝔼

∫ 𝑡

[𝑡 ]
𝑒2𝛼𝑝𝑠 ∥𝐻 (𝑠)∥2(𝑝−1)

〈
𝐻 (𝑠), 𝜕𝑓

𝜕𝑦
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡]))𝐻 ( [𝑡])

〉
𝑑𝑠
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+ 2𝑝 (2𝑝 − 1)𝔼
∫ 𝑡

[𝑡 ]
𝑒2𝛼𝑝𝑠 ∥𝐻 (𝑠)∥2(𝑝−1)





 𝜕𝑔𝜕𝑥 (𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡]))𝐻 (𝑠)




2 𝑑𝑠

+ 2𝑝 (2𝑝 − 1)𝔼
∫ 𝑡

[𝑡 ]
𝑒2𝛼𝑝𝑠 ∥𝐻 (𝑠)∥2(𝑝−1)





 𝜕𝑔𝜕𝑦 (𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡]))𝐻 ( [𝑡])




2 𝑑𝑠.

Taking 2𝛼5𝑝 = 2𝜆1𝑝 − 2𝜆3 (2𝑝 − 1)2 − 𝑝 − 𝜆2 (𝑝 − 1) and 𝛽5 = 𝜆2 + 2𝜆3 (2𝑝 − 1), then
2𝛼5𝑝 > 𝛽5𝑝 since 𝜆1 − 𝜆2 − 2𝜆3 − 1 > 4𝜆3 (𝑝 − 1). From (36) and Young’s inequality, it
follows that

𝑒2𝛼5𝑝𝑡𝔼 ∥𝐻 (𝑡)∥2𝑝

≤𝑒2𝛼5𝑝 [𝑡 ]𝔼 ∥𝐻 ( [𝑡])∥2𝑝 + (2𝛼5 − 2𝜆1 + 2𝜆3 (2𝑝 − 1) + 1) 𝑝𝔼
∫ 𝑡

[𝑡 ]
𝑒2𝛼5𝑝𝑠 ∥𝐻 (𝑠)∥2𝑝 𝑑𝑠

+ (𝜆2𝑝 + 2𝜆3𝑝 (2𝑝 − 1)) 𝔼
∫ 𝑡

[𝑡 ]
𝑒2𝛼5𝑝𝑠 ∥𝐻 (𝑠)∥2(𝑝−1) ∥𝐻 ( [𝑡])∥2 𝑑𝑠

≤𝑒2𝛼5𝑝 [𝑡 ]𝔼 ∥𝐻 ( [𝑡])∥2𝑝 + 𝛽5𝑝𝔼
∫ 𝑡

[𝑡 ]
𝑒2𝛼5𝑝𝑠 ∥𝐻 ( [𝑡])∥2𝑝 𝑑𝑠

=

(
𝑒2𝛼5𝑝 [𝑡 ] + 𝛽5

2𝛼5

(
𝑒2𝛼5𝑝𝑡 − 𝑒2𝛼5𝑝 [𝑡 ]

))
𝔼 ∥𝐻 ( [𝑡])∥2𝑝 .

Hence

𝔼


𝐷𝑋 𝑖,𝜂 (𝑡)𝜉

2𝑝 ≤𝑟4 ({𝑡})𝔼



𝐷𝑋 𝑖,𝜂 ( [𝑡])𝜉

2𝑝 ,
where 𝑟4 is defined similarly to 𝑟 in the proof of Theorem 2.3 with 𝑟4 ({𝑡}) = 𝛽5

2𝛼5
+(

1− 𝛽5
2𝛼5

)
𝑒−2𝛼5𝑝 {𝑡 } for {𝑡} ∈ [0, 1) and 𝑟4 (1) := lim𝑡→𝑘− , 𝑘 ∈ ℕ. Then 0 < 𝑟4 ≤ 1 and

𝔼


𝐷𝑋 𝑖,𝜂 (𝑘)𝜉

2𝑝 ≤ lim

𝑡→𝑘−
𝔼



𝐷𝑋 𝑖,𝜂 (𝑡)𝜉

2𝑝 ≤ 𝑟4 (1)𝔼


𝐷𝑋 𝑖,𝜂 (𝑘 − 1)𝜉



2𝑝 .
Therefore

𝔼


𝐷𝑋 𝑖,𝜂 (𝑡)𝜉

2𝑝 ≤𝑟4 ({𝑡})𝑟4 (1) [𝑡 ]−𝑖𝔼 ∥𝜉 ∥2𝑝 ≤ 𝐶𝑒−𝜈1 (𝑡−𝑖 )𝔼 ∥𝜉 ∥2𝑝 ,

where 𝐶 = 1
𝑟4 (1) and 𝜈1 = − log 𝑟4 (1). The proof is completed. □

Next, we show the uniform estimate of the Malliavin derivative of 𝑋𝑘𝑚+𝑙+1, 𝑘 ∈ ℕ,
𝑙 = 0, 1, · · · ,𝑚 − 1.

Lemma 4.2. Let the conditions in Lemma 2.4 hold. Then there exists 𝐶 > 0
independent of 𝛿, 𝑘 and 𝑙 such that

𝔼∥D𝑢𝑋𝑘𝑚+𝑙+1∥2𝑝 ≤ 𝐶 (39)

for all 𝑘 ∈ ℕ, 𝑙 = 0, 1, · · · ,𝑚 − 1 and 𝛿 ∈ (0, 𝛿0) with 𝛿0 being sufficiently small.

Proof. From (16), the Malliavin derivative of 𝑋𝑘𝑚+𝑙+1 is

D𝑢𝑋𝑘𝑚+𝑙+1

=D𝑢𝑋𝑘𝑚+𝑙1{𝑢<𝑡𝑘𝑚+𝑙 } + 𝑔(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)1{𝑡𝑘𝑚+𝑙 ≤𝑢<𝑡𝑘𝑚+𝑙+1 }

+ 𝛿 𝜕𝑓
𝜕𝑥

(𝑋𝑘𝑚+𝑙+1, 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚+𝑙+1 + 𝛿
𝜕𝑓

𝜕𝑦
(𝑋𝑘𝑚+𝑙+1, 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚

+ 𝜕𝑔

𝜕𝑥
(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚+𝑙Δ𝐵𝑘𝑚+1+

𝜕𝑔

𝜕𝑦
(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚Δ𝐵𝑘𝑚+1

(40)
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for 0 ≤ 𝑢 < 𝑡𝑘𝑚+𝑙+1. If 𝑢 ≥ 𝑡𝑘𝑚+𝑙+1, then D𝑢𝑋𝑘𝑚+𝑙+1 = 0. Thus we only consider the
case of 0 ≤ 𝑢 < 𝑡𝑘𝑚+𝑙+1 in the following.

Case 1. If 𝑡𝑘𝑚+𝑙 ≤ 𝑢 < 𝑡𝑘𝑚+𝑙+1, then (40) becomes

D𝑢𝑋𝑘𝑚+𝑙+1 =𝑔(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚) + 𝛿
𝜕𝑓

𝜕𝑥
(𝑋𝑘𝑚+𝑙+1, 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚+𝑙+1. (41)

Multiplying (41) by D𝑢𝑋𝑘𝑚+𝑙+1, (36) leads to

∥D𝑢𝑋𝑘𝑚+𝑙+1∥2 = ⟨D𝑢𝑋𝑘𝑚+𝑙+1, 𝑔(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)⟩

+ 𝛿
〈
D𝑢𝑋𝑘𝑚+𝑙+1,

𝜕𝑓

𝜕𝑥
(𝑋𝑘𝑚+𝑙+1, 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚+𝑙+1

〉
≤

(
1

2
− 𝜆1𝛿

)
∥D𝑢𝑋𝑘𝑚+𝑙+1∥2 +

1

2
𝔼 ∥𝑔(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)∥2 .

(42)

Then multiplying (42) by ∥D𝑢𝑋𝑘𝑚+𝑙+1∥2(𝑝−1) and taking expectation, Young’s in-
equality leads to

𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1∥2𝑝

≤
(
1

2
− 𝜆1𝛿

)
𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1∥2𝑝 +

1

2
𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1∥2(𝑝−1) ∥𝑔(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)∥2

≤
(
3

4
− 𝜆1𝛿

)
𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1∥2𝑝 +

1

2𝑝

(
2(𝑝 − 1)

𝑝

)𝑝−1
𝔼 ∥𝑔(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)∥2𝑝 ,

which implies

𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1∥2𝑝 ≤ 2

(1 + 4𝜆1𝛿) 𝑝

(
2(𝑝 − 1)

𝑝

)𝑝−1
𝔼 ∥𝑔(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)∥2𝑝 .

Since 𝔼∥𝑋𝑘𝑚+𝑙 ∥2𝑝 ≤ 𝐶, and 𝑔 satisfies the global Lipschitz condition, we get (39)
when 𝑢 ∈ [𝑡𝑘𝑚+𝑙 , 𝑡𝑘𝑚+𝑙+1).
Case 2. If 𝑡𝑘𝑚 ≤ 𝑢 < 𝑡𝑘𝑚+𝑙 , then (40) becomes

D𝑢𝑋𝑘𝑚+𝑙+1 − D𝑢𝑋𝑘𝑚+𝑙 =𝛿
𝜕𝑓

𝜕𝑥
(𝑋𝑘𝑚+𝑙+1, 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚+𝑙+1

+ 𝜕𝑔

𝜕𝑥
(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚+𝑙Δ𝐵𝑘𝑚+1.

(43)

We prove the assertion (39) by induction. Let us first show that 𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1∥2𝑝
′ ≤ 𝐶

with 𝑝′ = 1. Multiplying (43) by D𝑢𝑋𝑘𝑚+𝑙+1 leads to

1

2

(
𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1∥2 − 𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙 ∥2 + 𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1 − D𝑢𝑋𝑘𝑚+𝑙 ∥2

)
=𝛿𝔼

〈
D𝑢𝑋𝑘𝑚+𝑙+1,

𝜕𝑓

𝜕𝑥
(𝑋𝑘𝑚+𝑙+1, 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚+𝑙+1

〉
+ 𝔼

〈
D𝑢𝑋𝑘𝑚+𝑙+1 − D𝑢𝑋𝑘𝑚+𝑙 ,

𝜕𝑔

𝜕𝑥
(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚+𝑙Δ𝐵𝑘𝑚+1

〉
≤ − 𝜆1𝛿𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1∥2+

1

2
𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1 − D𝑢𝑋𝑘𝑚+𝑙 ∥2+

1

2
𝜆3𝛿𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙 ∥2 ,

(44)

which implies

(1 + 2𝜆1𝛿)𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1∥2 ≤ (1 + 𝜆3𝛿)𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙 ∥2 .
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Since 𝜆1 − 1 − 𝜆2 − 2𝜆3 > 0, and for any 𝑢, there exist 𝑛 ∈ ℕ and 𝑤 ∈ {0, 1, · · · ,𝑚 − 1}
such that 𝑢 ∈ [𝑡𝑛𝑚+𝑤, 𝑡𝑛𝑚+𝑤+1). Combining Case 1, we obtain

𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1∥2 ≤ 𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙 ∥2 ≤ · · · ≤ 𝔼 ∥D𝑢𝑋𝑛𝑚+𝑤+1∥2 ≤ 𝐶.

If 𝑝′ = 2, without taking expectation in (44), multiplying (44) by ∥D𝑢𝑋𝑘𝑚+𝑙+1∥2 and
then taking expectation, Young’s inequality leads to

1

2

(
𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1∥4 − 𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙 ∥4 + 𝔼

(
∥D𝑢𝑋𝑘𝑚+𝑙+1∥2 − ∥D𝑢𝑋𝑘𝑚+𝑙 ∥2

) )
+ 𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1∥2 ∥D𝑢𝑋𝑘𝑚+𝑙+1 − D𝑢𝑋𝑘𝑚+𝑙 ∥2

=2𝛿𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1∥2
〈
D𝑢𝑋𝑘𝑚+𝑙+1,

𝜕𝑓

𝜕𝑥
(𝑋𝑘𝑚+𝑙+1, 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚+𝑙+1

〉
+ 2𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1∥2 ×〈

D𝑢𝑋𝑘𝑚+𝑙+1 − D𝑢𝑋𝑘𝑚+𝑙 ,
𝜕𝑔

𝜕𝑥
(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚+𝑙Δ𝐵𝑘𝑚+1

〉
+ 2𝔼

(
∥D𝑢𝑋𝑘𝑚+𝑙+1∥2 − ∥D𝑢𝑋𝑘𝑚+𝑙 ∥2

)
×〈

D𝑢𝑋𝑘𝑚+𝑙 ,
𝜕𝑔

𝜕𝑥
(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚+𝑙Δ𝐵𝑘𝑚+1

〉
=:𝑅1 + 𝑅2 + 𝑅3.

From (36), 𝑅1 satisfies

𝑅1 ≤ −2𝜆1𝛿𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1∥4 .

For 𝑅2 and 𝑅3, Young’s inequality and (36) lead to

𝑅2 ≤𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1∥2 ∥D𝑢𝑋𝑘𝑚+𝑙+1 − D𝑢𝑋𝑘𝑚+𝑙 ∥2

+ 𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1∥2




 𝜕𝑔𝜕𝑥 (𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚+𝑙Δ𝐵𝑘𝑚+1





2
≤𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1∥2 ∥D𝑢𝑋𝑘𝑚+𝑙+1 − D𝑢𝑋𝑘𝑚+𝑙 ∥2 + 𝜆3𝛿𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙 ∥4

+ 1

2
𝜖1𝔼

(
∥D𝑢𝑋𝑘𝑚+𝑙+1∥2 − ∥D𝑢𝑋𝑘𝑚+𝑙 ∥2

)2
+ 1

2𝜖1
𝔼





 𝜕𝑔𝜕𝑥 (𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚+𝑙Δ𝐵𝑘𝑚+1





4
≤𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1∥2 ∥D𝑢𝑋𝑘𝑚+𝑙+1 − D𝑢𝑋𝑘𝑚+𝑙 ∥2

+
(
𝜆3𝛿 +

3𝜆33𝛿
2

2𝜖1

)
𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙 ∥4 +

1

2
𝜖1𝔼

(
∥D𝑢𝑋𝑘𝑚+𝑙+1∥2 − ∥D𝑢𝑋𝑘𝑚+𝑙 ∥2

)2
and

𝑅3 ≤𝜖2𝔼
(
∥D𝑢𝑋𝑘𝑚+𝑙+1∥2 − ∥D𝑢𝑋𝑘𝑚+𝑙 ∥2

)2
+ 1

𝜖2
𝔼

〈
D𝑢𝑋𝑘𝑚+𝑙 ,

𝜕𝑔

𝜕𝑥
(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚+𝑙Δ𝐵𝑘𝑚+1

〉2
≤𝜖2𝔼

(
∥D𝑢𝑋𝑘𝑚+𝑙+1∥2 − ∥D𝑢𝑋𝑘𝑚+𝑙 ∥2

)2 + 𝜆3𝛿
𝜖2

𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙 ∥4 .
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Let 𝜖2 + 1
2𝜖1 = 1

2 , then

(1 + 4𝜆1𝛿) 𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1∥4 ≤
(
1 + 2

(
1 + 1

𝜖2

)
𝜆3𝛿 +

3𝜆33𝛿
2

𝜖1

)
𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙 ∥4 .

Since 𝜆1 − 𝜆2 − 1 − 2𝜆3 > 0, there exists 𝛿 ′ > 0 such that 𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1∥4 ≤
𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙 ∥4 for all 𝛿 ∈ (0, 𝛿 ′). Following the same procedure as the case 𝑝′ = 1,
there exists 𝐶 > 0 independent of 𝛿, 𝑘 and 𝑙 such that

𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1∥4 ≤ 𝐶.

The inequality above shows 𝔼∥D𝑢𝑋𝑘𝑚+𝑙+1∥2𝑝
′ ≤ 𝐶 with 𝑝′ = 2. Repeating the

procedure as above, we prove (39) when 𝑢 ∈ [𝑡𝑘𝑚, 𝑡𝑘𝑚+𝑙 ).
Case 3. If 𝑢 < 𝑡𝑘𝑚, then

D𝑢𝑋𝑘𝑚+𝑙+1 − D𝑢𝑋𝑘𝑚+𝑙

= 𝛿
𝜕𝑓

𝜕𝑥
(𝑋𝑘𝑚+𝑙+1, 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚+𝑙+1 + 𝛿

𝜕𝑓

𝜕𝑦
(𝑋𝑘𝑚+𝑙+1, 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚

+ 𝜕𝑔

𝜕𝑥
(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚+𝑙Δ𝐵𝑘𝑚+1 +

𝜕𝑔

𝜕𝑦
(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚Δ𝐵𝑘𝑚+1.

(45)

Multiplying (45) by D𝑢𝑋𝑘𝑚+𝑙+1 and taking expectation, we have 𝐿𝐻𝑆 = 𝑅𝐻𝑆, where

𝐿𝐻𝑆 =
1

2

(
𝔼∥D𝑢𝑋𝑘𝑚+𝑙+1∥2−𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙 ∥2+𝔼∥D𝑢𝑋𝑘𝑚+𝑙+1−D𝑢𝑋𝑘𝑚+𝑙 ∥2

)
(46)

and

𝑅𝐻𝑆

=𝛿𝔼

〈
D𝑢𝑋𝑘𝑚+𝑙+1,

𝜕𝑓

𝜕𝑥
(𝑋𝑘𝑚+𝑙+1, 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚+𝑙+1 +

𝜕𝑓

𝜕𝑦
(𝑋𝑘𝑚+𝑙+1, 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚

〉
+𝔼

〈
D𝑢𝑋𝑘𝑚+𝑙+1,

𝜕𝑔

𝜕𝑥
(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚+𝑙 +

𝜕𝑔

𝜕𝑦
(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚

〉
Δ𝐵𝑘𝑚+1.

(47)

By (36) and Young’s inequality, 𝑅𝐻𝑆 yields

𝑅𝐻𝑆 ≤
(
−𝜆1 +

1

2

)
𝛿𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1∥2 +

1

2
𝛿𝔼





 𝜕𝑓𝜕𝑦 (𝑋𝑘𝑚+𝑙+1, 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚




2

+ 𝔼

〈
D𝑢𝑋𝑘𝑚+𝑙+1 − D𝑢𝑋𝑘𝑚+𝑙 ,

𝜕𝑔

𝜕𝑥
(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚+𝑙Δ𝐵𝑘𝑚+1

〉
+ 𝔼

〈
D𝑢𝑋𝑘𝑚+𝑙+1 − D𝑢𝑋𝑘𝑚+𝑙 ,

𝜕𝑔

𝜕𝑦
(𝑋𝑘𝑚+𝑙 , 𝑋𝑘𝑚)D𝑢𝑋𝑘𝑚Δ𝐵𝑘𝑚+1

〉
≤

(
−𝜆1 +

1

2

)
𝛿𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1∥2 +

1

2
𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙+1 − D𝑢𝑋𝑘𝑚+𝑙 ∥2

+
(
1

2
𝜆2 + 𝜆3

)
𝛿𝔼 ∥D𝑢𝑋𝑘𝑚 ∥2 + 𝜆3𝛿𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙 ∥2 ,

which implies

𝔼∥D𝑢𝑋𝑘𝑚+𝑙+1∥2 ≤ (1 − 𝛼6𝛿) 𝔼 ∥D𝑢𝑋𝑘𝑚+𝑙 ∥2 + 𝛽6𝛿𝔼 ∥D𝑢𝑋𝑘𝑚 ∥2 ,

where 𝛼6 =
2𝜆1−1−2𝜆3
1+2𝜆1𝛿−𝛿 and 𝛽6 =

𝜆2+2𝜆3
1+2𝜆1𝛿−𝛿 . Since 𝛼6 > 𝛽6 > 0 and 0 <

𝛽6
𝛼6

+(
1 − 𝛽6

𝛼6

)
𝑒−𝛼6 (𝑙+1)𝛿 < 1, 𝑙 = 0, 1, · · · ,𝑚 − 1, under the condition 𝜆1 − 1 − 𝜆2 − 2𝜆3 > 0,
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we get

𝔼∥D𝑢𝑋𝑘𝑚+𝑙+1∥2 ≤
(
𝛽6

𝛼6
+

(
1 − 𝛽6

𝛼6

)
𝑒−𝛼6 (𝑙+1)𝛿

)
𝔼 ∥D𝑢𝑋𝑘𝑚 ∥2 .

If 𝑙 =𝑚 − 1, then 𝔼∥D𝑢𝑋 (𝑘+1)𝑚 ∥2 ≤
(
𝛽6
𝛼6

+
(
1 − 𝛽6

𝛼6

)
𝑒−𝛼6

)
𝔼 ∥D𝑢𝑋𝑘𝑚 ∥2. Since for any

𝑢 ≥ 0, there exists 𝑛 ∈ ℕ such that 𝑢 ∈ [𝑛 − 1, 𝑛). Combining the result in Case 2, we
obtain

𝔼∥D𝑢𝑋𝑘𝑚+𝑙+1∥2

≤
(
𝛽6

𝛼6
+

(
1 − 𝛽6

𝛼6

)
𝑒−𝛼6 (𝑙+1)𝛿

) (
𝛽6

𝛼6
+

(
1 − 𝛽6

𝛼6

)
𝑒−𝛼

)𝑘−𝑛
𝔼 ∥D𝑢𝑋𝑛𝑚 ∥2

≤𝔼 ∥D𝑢𝑋𝑛𝑚 ∥2 ≤ 𝐶.

The inequality above shows 𝔼∥D𝑢𝑋𝑘𝑚+𝑙+1∥2𝑝
′ ≤ 𝐶 with 𝑝′ = 1. Following the

same procedure as in Case 2, there exists 𝐶 > 0 independent of 𝛿, 𝑘 and 𝑙 such
that 𝔼∥D𝑢𝑋𝑘𝑚+𝑙+1∥2𝑝

′ ≤ 𝐶 for all 𝛿 ∈ (0, 𝛿 ′′0 ) with 𝛿 ′′0 > 0 sufficiently small and
𝑝′ = 2, 3, · · · , 𝑝.

Choosing 𝛿0 = min{𝛿 ′0, 𝛿 ′′0 }, then (39) holds for all 𝛿 ∈ (0, 𝛿0). The proof is
completed. □

For a general function ℎ : ℝ𝑑 ×ℝ𝑑 → ℝ𝑑 , (𝑥,𝑦) ↦→ ℎ(𝑥,𝑦), we use 𝐷 (𝑛)
1 ℎ(𝑥,𝑦) and

𝐷
(𝑛)
2 ℎ(𝑥,𝑦) to denote the partial derivatives with order 𝑛 of ℎ with respect to the

vectors 𝑥 and 𝑦, respectively. We require that the derivatives satisfy some polynomial
growth conditions.

Assumption 4.3. For any 𝑥, 𝑥 ′, 𝑦 ∈ ℝ𝑑 , there exist two positive constants 𝐾 and 𝑞
such that

∥ 𝑓 (𝑥,𝑦) − 𝑓 (𝑥 ′, 𝑦)∥2 ≤ 𝐾 (1 + ∥𝑥 ∥𝑞 + ∥𝑥 ′∥𝑞) ∥𝑥 − 𝑥 ′∥2.

Assumption 4.4. Assume that 𝑓 and 𝑔 have all continuous partial derivatives up
to order 2. For any 𝑥, 𝑥 ′, 𝑦, 𝑦′, 𝜉 and 𝜂 ∈ ℝ𝑑 , there exist two positive constants 𝐾
and 𝑞 such that, for 𝑖 = 1, 2,


𝐷 (1)

𝑖
𝑓 (𝑥,𝑦)𝜉 − 𝐷 (1)

𝑖
𝑓 (𝑥 ′, 𝑦)𝜉




2 ≤ 𝐾 (1 + ∥𝑥 ∥𝑞 + ∥𝑥 ′∥𝑞) ∥𝑥 − 𝑥 ′∥2∥𝜉 ∥2,


𝐷 (1)
𝑖
𝑓 (𝑥,𝑦)𝜉 − 𝐷 (1)

𝑖
𝑓 (𝑥,𝑦′)𝜉




2 ≤ 𝐾 ∥𝑦 − 𝑦′∥2∥𝜉 ∥2,


𝐷 (2)
𝑖
𝑓 (𝑥,𝑦) (𝜉, 𝜂) − 𝐷 (2)

𝑖
𝑓 (𝑥 ′, 𝑦) (𝜉, 𝜂)




2 ≤ 𝐾 (1 + ∥𝑥 ∥𝑞 + ∥𝑥 ′∥𝑞) ∥𝑥 − 𝑥 ′∥2∥𝜉 ∥2∥𝜂∥2,


𝐷 (2)
𝑖
𝑓 (𝑥,𝑦) (𝜉, 𝜂) − 𝐷 (2)

𝑖
𝑓 (𝑥,𝑦′) (𝜉, 𝜂)




2 ≤ 𝐾 ∥𝑦 − 𝑦′∥2∥𝜉 ∥2∥𝜂∥2,


𝐷 (1)
𝑖
𝑔(𝑥,𝑦)𝜉 − 𝐷 (1)

𝑖
𝑔(𝑥 ′, 𝑦′)𝜉




2 ≤ 𝐾
(
∥𝑥 − 𝑥 ′∥2 + ∥𝑦 − 𝑦′∥2

)
∥𝜉 ∥2,


𝐷 (2)

𝑖
𝑔(𝑥,𝑦) (𝜉, 𝜂) − 𝐷 (2)

𝑖
𝑔(𝑥 ′, 𝑦′) (𝜉, 𝜂)




2 ≤ 𝐾
(
∥𝑥 − 𝑥 ′∥2 + ∥𝑦 − 𝑦′∥2

)
∥𝜉 ∥2∥𝜂∥2.

Assumption 4.4 implies



 𝜕2 𝑓𝜕𝑥2 (𝑥,𝑦) (𝜉, 𝜂)



2 ∨ 



 𝜕2 𝑓𝜕𝑦𝜕𝑥
(𝑥,𝑦) (𝜉, 𝜂)





2 ≤ 𝐾 (1 + 2∥𝑥 ∥𝑞) ∥𝜉 ∥2∥𝜂∥2,



 𝜕2 𝑓𝜕𝑥𝜕𝑦
(𝑥,𝑦) (𝜉, 𝜂)





2 ∨ 



 𝜕2 𝑓𝜕𝑦2 (𝑥,𝑦) (𝜉, 𝜂)



2 ≤ 𝐾 ∥𝜉 ∥2∥𝜂∥2
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and 



 𝜕2𝑔𝜕𝑥2 (𝑥,𝑦) (𝜉, 𝜂)



2 ∨ 



 𝜕2𝑔𝜕𝑥𝜕𝑦
(𝑥,𝑦) (𝜉, 𝜂)





2 ∨



 𝜕2𝑔𝜕𝑦2 (𝑥,𝑦) (𝜉, 𝜂)



2 ∨ 



 𝜕2𝑔𝜕𝑦𝜕𝑥
(𝑥,𝑦) (𝜉, 𝜂)





2 ≤ 𝐾 ∥𝜉 ∥2∥𝜂∥2.

Similarly, if 𝑓 and 𝑔 have all continuous partial derivatives up to order 3, then



 𝜕3 𝑓𝜕𝑥3 (𝑥,𝑦) (𝜉, 𝜂,𝛾)



2 ≤ 𝐾 (1 + 2∥𝑥 ∥𝑞) ∥𝜉 ∥2∥𝜂∥2∥𝛾 ∥2

and 



 𝜕3 𝑓

𝜕𝑥2𝜕𝑦
(𝑥,𝑦) (𝜉, 𝜂,𝛾)





2 ∨ 



 𝜕3 𝑓

𝜕𝑥𝜕𝑦2
(𝑥,𝑦) (𝜉, 𝜂,𝛾)





2 ≤ 𝐾 ∥𝜉 ∥2∥𝜂∥2∥𝛾 ∥2.

Lemma 4.5. Let the conditions in Lemma 2.4 hold. Assume that the Fréchet
derivatives of 𝑓 and 𝑔 exist and 𝔼∥D𝑢𝜂∥2𝑝 < ∞, then there exist two positive
constants 𝐶 and 𝜈2 independent of 𝑡 such that

𝔼


D𝑢𝑋 𝑖,𝜂 (𝑡)

2𝑝 ≤ 𝐶𝑒−𝜈2 (𝑡−𝑢∨𝑖 )

(
1 + 𝔼 ∥D𝑢𝜂∥2𝑝

)
, 𝑡 ≥ 𝑖 . (48)

Proof. Since

𝑋 𝑖,𝜂 (𝑡) = 𝜂 +
∫ 𝑡

𝑖

𝑓 (𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠]))𝑑𝑠 +
∫ 𝑡

𝑖

𝑔(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠]))𝑑𝐵(𝑠),

we have D𝑢𝑋
𝑖,𝜂 (𝑡) = 0 for 𝑢 ≥ 𝑡 , and for 𝑢 < 𝑡 ,

D𝑢𝑋
𝑖,𝜂 (𝑡) =D𝑢𝜂1{𝑢<𝑖 } + 𝑔(𝑋 𝑖,𝜂 (𝑢), 𝑋 𝑖,𝜂 ( [𝑢]))1{𝑖≤𝑢<𝑡 }

+
∫ 𝑡

𝑢

𝜕𝑓

𝜕𝑥
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠]))D𝑢𝑋 𝑖,𝜂 (𝑠)1[𝑖,𝑡 ] (𝑠)𝑑𝑠

+
∫ 𝑡

𝑢

𝜕𝑓

𝜕𝑦
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠]))D𝑢𝑋 𝑖,𝜂 ( [𝑠])1[𝑖,𝑡 ] (𝑠)𝑑𝑠

+
∫ 𝑡

𝑢

𝜕𝑔

𝜕𝑥
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠]))D𝑢𝑋 𝑖,𝜂 (𝑠)1[𝑖,𝑡 ] (𝑠)𝑑𝐵(𝑠)

+
∫ 𝑡

𝑢

𝜕𝑔

𝜕𝑦
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠]))D𝑢𝑋 𝑖,𝜂 ( [𝑠])1[𝑖,𝑡 ] (𝑠)𝑑𝐵(𝑠).

(49)

Case 1. If 𝑖 ≤ 𝑢 < 𝑡 , by denoting 𝐼 (𝑡) := D𝑢𝑋
𝑖,𝜂 (𝑡), then

𝐼 (𝑡) =𝐼 (𝑢) +
∫ 𝑡

𝑢

𝜕𝑓

𝜕𝑥
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠]))𝐼 (𝑠)𝑑𝑠 +

∫ 𝑡

𝑢

𝜕𝑓

𝜕𝑦
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠]))𝐼 ( [𝑠])𝑑𝑠

+
∫ 𝑡

𝑢

𝜕𝑔

𝜕𝑥
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠]))𝐼 (𝑠)𝑑𝐵(𝑠) +

∫ 𝑡

𝑢

𝜕𝑔

𝜕𝑦
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠]))𝐼 ( [𝑠])𝑑𝐵(𝑠),

where 𝐼 (𝑢) = 𝑔(𝑋 𝑖,𝜂 (𝑢), 𝑋 𝑖,𝜂 ( [𝑢])). If [𝑡] ≤ 𝑢 < 𝑡 , then D𝑢𝑋
𝑖,𝜂 ( [𝑡]) = 0. And Itô’s

formula leads to

𝔼 ∥𝐼 (𝑡)∥2𝑝 ≤𝔼 ∥𝐼 (𝑢)∥2𝑝 + 2𝑝𝔼

∫ 𝑡

𝑢

∥𝐼 (𝑠)∥2(𝑝−1)
〈
𝐼 (𝑠), 𝜕𝑓

𝜕𝑥
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠]))𝐼 (𝑠)

〉
𝑑𝑠

+ 𝑝 (2𝑝 − 1)𝔼
∫ 𝑡

𝑢

∥𝐼 (𝑠)∥2(𝑝−1)




 𝜕𝑔𝜕𝑥 (𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠]))𝐼 (𝑠)



2 𝑑𝑠

≤𝔼 ∥𝐼 (𝑢)∥2𝑝 − (2𝜆1 − 𝜆3 (2𝑝 − 1)) 𝑝
∫ 𝑡

𝑢

𝔼 ∥𝐼 (𝑠)∥2𝑝 𝑑𝑠.
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From [11, Lemma 8.2], it follows

𝔼 ∥𝐼 (𝑡)∥2𝑝 ≤ 𝑒−(2𝜆1−𝜆3 (2𝑝−1) )𝑝 (𝑡−𝑢 )𝔼 ∥𝐼 (𝑢)∥2𝑝 .

And if 𝑖 ≤ 𝑢 < [𝑡], for any 𝛼 > 0, applying Itô’s formula to 𝑒2𝛼𝑝𝑡 ∥𝐼 (𝑡)∥2𝑝 , we obtain

𝑒2𝛼𝑝𝑡𝔼 ∥𝐼 (𝑡)∥2𝑝

≤𝑒2𝛼𝑝 [𝑡 ]𝔼 ∥𝐼 ( [𝑡])∥2𝑝 + 2𝛼𝑝𝔼

∫ 𝑡

[𝑡 ]
𝑒2𝛼𝑝𝑠𝔼 ∥𝐼 (𝑠)∥2𝑝 𝑑𝑠

+ 2𝑝𝔼

∫ 𝑡

[𝑡 ]
𝑒2𝛼𝑝𝑠 ∥𝐼 (𝑠)∥2(𝑝−1)

〈
𝐼 (𝑠), 𝜕𝑓

𝜕𝑥
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠]))𝐼 (𝑠)

〉
𝑑𝑠

+ 2𝑝𝔼

∫ 𝑡

[𝑡 ]
𝑒2𝛼𝑝𝑠 ∥𝐼 (𝑠)∥2(𝑝−1)

〈
𝐼 (𝑠), 𝜕𝑓

𝜕𝑦
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠]))𝐼 ( [𝑠])

〉
𝑑𝑠

+ 2𝑝 (2𝑝 − 1)𝔼
∫ 𝑡

[𝑡 ]
𝑒2𝛼𝑝𝑠 ∥𝐼 (𝑠)∥2(𝑝−1)





 𝜕𝑔𝜕𝑥 (𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠]))𝐼 (𝑠)



2 𝑑𝑠
+ 2𝑝 (2𝑝 − 1)𝔼

∫ 𝑡

[𝑡 ]
𝑒2𝛼𝑝𝑠 ∥𝐼 (𝑠)∥2(𝑝−1)





 𝜕𝑔𝜕𝑦 (𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠]))𝐼 ( [𝑠])



2 𝑑𝑠.
Following the same procedure as Lemma 4.1, we get

𝔼 ∥𝐼 (𝑡)∥2𝑝 ≤𝐶𝑒−𝜈1 (𝑡−[𝑢 ]−1)𝔼 ∥𝐼 ( [𝑢] + 1)∥2𝑝

≤𝐶𝑒−𝜈1 (𝑡−[𝑢 ]−1) · 𝑒−(2𝜆1−𝜆3 (2𝑝−1) )𝑝 ( [𝑢 ]+1−𝑢 )𝔼 ∥𝐼 (𝑢)∥2𝑝

=𝐶𝑒−𝜈2 (𝑡−𝑢 )𝔼 ∥𝐼 (𝑢)∥2𝑝 ,
where 𝜈2 = min{𝜈1, (2𝜆1 − 𝜆3 (2𝑝 − 1))𝑝}.
Case 2. If 𝑢 < 𝑖, then 𝐼 (𝑢) = D𝑢𝜂 and

𝔼 ∥𝐼 (𝑡)∥2𝑝 ≤ 𝐶𝑒−𝜈2 (𝑡−𝑖 )𝔼 ∥𝐼 (𝑢)∥2𝑝 .
Since 𝔼∥𝑋 (𝑡)∥2𝑝 ≤ 𝐶 for all 𝑡 > 0 and 𝐶 is independent of 𝑡 , we obtain

𝔼 ∥𝐼 (𝑢)∥2𝑝 ≤𝔼 ∥D𝑢𝜂∥2𝑝 + 𝔼


𝑔(𝑋 𝑖,𝜂 (𝑢), 𝑋 𝑖,𝜂 ( [𝑢]))

2𝑝 ≤ 𝐶

(
1 + 𝔼 ∥D𝑢𝜂∥2𝑝

)
.

Hence

𝔼


D𝑢𝑋 𝑖,𝜂 (𝑡)

2𝑝 ≤𝐶𝑒−𝜈2 (𝑡−𝑢∨𝑖 )

(
1 + 𝔼 ∥D𝑢𝜂∥2𝑝

)
,

where 𝐶 is independent of 𝑡 . We complete the proof □

Lemma 4.6. Let conditions in Lemma 2.4 with 𝑝 ≥ 4, and Assumptions 4.3- 4.4
hold. Then there exist two positive constants 𝐶 and 𝜈3 independent of 𝑡 such that,
for fixed 𝑖 ∈ ℕ,

𝔼


D𝑢𝐷𝑋 𝑖,𝜂 (𝑡)𝜉

2𝑝′
≤ 𝐶𝑒−𝜈3 (𝑡−𝑢∨𝑖 ) ∥𝜉 ∥2𝑝′ +𝐶𝑒−𝜈1 ( [𝑡 ]−𝑖−1)𝑝′/𝑝

(
1 + 𝔼 ∥D𝑢𝜂∥2𝑝

′
)
∥𝜉 ∥2𝑝′ ,

where 𝑡 ≥ 𝑖, 1 ≤ 𝑝′ ≤ min{ 𝑝4 ,
𝑝

𝑞
}, 𝜉 ∈ ℝ𝑑 and 𝔼 ∥D𝑢𝜂∥2𝑝 < ∞.

Proof. For any 𝜉 ∈ ℝ𝑑 , denote 𝐽 (𝑡) := D𝑢𝐷𝑋
𝑖,𝜂 (𝑡)𝜉 , then

𝐽 (𝑡)

=
𝜕𝑔

𝜕𝑥
(𝑋 𝑖,𝜂 (𝑢), 𝑋 𝑖,𝜂 ( [𝑢]))𝐻 (𝑢)1{𝑖≤𝑢<𝑡 } +

𝜕𝑔

𝜕𝑦
(𝑋 𝑖,𝜂 (𝑢), 𝑋 𝑖,𝜂 ( [𝑢]))𝐻 ( [𝑢])1{𝑖≤𝑢<𝑡 }
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+
∫ 𝑡

𝑢

𝜕2 𝑓

𝜕𝑥2
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠])) (𝐻 (𝑠), 𝐼 (𝑠))1[𝑖,𝑡 ] (𝑠)𝑑𝑠

+
∫ 𝑡

𝑢

𝜕2 𝑓

𝜕𝑥𝜕𝑦
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠])) (𝐻 (𝑠), 𝐼 ( [𝑠]))1[𝑖,𝑡 ] (𝑠)𝑑𝑠

+
∫ 𝑡

𝑢

𝜕𝑓

𝜕𝑥
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠])) 𝐽 (𝑠)1[𝑖,𝑡 ] (𝑠)𝑑𝑠

+
∫ 𝑡

𝑢

𝜕2 𝑓

𝜕𝑦𝜕𝑥
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠])) (𝐻 ( [𝑠]), 𝐼 (𝑠))1[𝑖,𝑡 ] (𝑠)𝑑𝑠

+
∫ 𝑡

𝑢

𝜕𝑓

𝜕𝑦
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠])) 𝐽 ( [𝑠])1[𝑖,𝑡 ] (𝑠)𝑑𝑠

+
∫ 𝑡

𝑢

𝜕2 𝑓

𝜕𝑦2
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠])) (𝐻 ( [𝑠]), 𝐼 ( [𝑠]))1[𝑖,𝑡 ] (𝑠)𝑑𝑠

+
∫ 𝑡

𝑢

𝜕2𝑔

𝜕𝑥2
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠])) (𝐻 (𝑠), 𝐼 (𝑠))1[𝑖,𝑡 ] (𝑠)𝑑𝐵(𝑠)

+
∫ 𝑡

𝑢

𝜕2𝑔

𝜕𝑥𝜕𝑦
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠])) (𝐻 (𝑠), 𝐼 ( [𝑠]))1[𝑖,𝑡 ] (𝑠)𝑑𝐵(𝑠)

+
∫ 𝑡

𝑢

𝜕𝑔

𝜕𝑥
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠])) 𝐽 (𝑠)1[𝑖,𝑡 ] (𝑠)𝑑𝐵(𝑠)

+
∫ 𝑡

𝑢

𝜕2𝑔

𝜕𝑦𝜕𝑥
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠])) (𝐻 ( [𝑠]), 𝐼 (𝑠))1[𝑖,𝑡 ] (𝑠)𝑑𝐵(𝑠)

+
∫ 𝑡

𝑢

𝜕𝑔

𝜕𝑦
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠])) 𝐽 ( [𝑠])1[𝑖,𝑡 ] (𝑠)𝑑𝐵(𝑠)

+
∫ 𝑡

𝑢

𝜕2𝑔

𝜕𝑦2
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑠])) (𝐻 ( [𝑠]), 𝐼 ( [𝑠]))1[𝑖,𝑡 ] (𝑠)𝑑𝐵(𝑠)

for 𝑢 < 𝑡 . Since 𝐽 (𝑡) = 0 for 𝑢 ≥ 𝑡 , we only consider the case 𝑢 < 𝑡 .

Case 1. If 𝑢 ≥ [𝑡], then [𝑠] = [𝑡], 𝐼 ( [𝑡]) = 0, 𝐽 (𝑢) =
𝜕𝑔

𝜕𝑥
(𝑋 𝑖,𝜂 (𝑢), 𝑋 𝑖,𝜂 ( [𝑢]))𝐻 (𝑢) +

𝜕𝑔

𝜕𝑦
(𝑋 𝑖,𝜂 (𝑢), 𝑋 𝑖,𝜂 ( [𝑢]))𝐻 ( [𝑢]) and 𝐽 ( [𝑡]) = 0. From Itô’s formula, it follows

𝔼 ∥ 𝐽 (𝑡)∥2𝑝
′

≤𝔼 ∥ 𝐽 (𝑢)∥2𝑝
′
+ 2𝑝′𝔼

∫ 𝑡

𝑢

∥ 𝐽 (𝑠)∥2(𝑝
′−1)

〈
𝐽 (𝑠), 𝜕

2 𝑓

𝜕𝑥2
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡])) (𝐻 (𝑠), 𝐼 (𝑠))

〉
𝑑𝑠

+ 2𝑝′𝔼
∫ 𝑡

𝑢

∥ 𝐽 (𝑠)∥2(𝑝
′−1)

〈
𝐽 (𝑠), 𝜕𝑓

𝜕𝑥
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡])) 𝐽 (𝑠)

〉
𝑑𝑠

+ 2𝑝′𝔼
∫ 𝑡

𝑢

∥ 𝐽 (𝑠)∥2(𝑝
′−1)

〈
𝐽 (𝑠), 𝜕

2 𝑓

𝜕𝑦𝜕𝑥
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡])) (𝐻 ( [𝑡]), 𝐼 (𝑠))

〉
𝑑𝑠

+ 2𝑝′ (2𝑝′ − 1)𝔼
∫ 𝑡

𝑢

∥ 𝐽 (𝑠)∥2(𝑝
′−1)





 𝜕𝑔𝜕𝑥 (𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡])) 𝐽 (𝑠)



2 𝑑𝑠
+ 4𝑝′ (2𝑝′ − 1)𝔼

∫ 𝑡

𝑢

∥ 𝐽 (𝑠)∥2(𝑝
′−1)





 𝜕2𝑔𝜕𝑥2 (𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡])) (𝐻 (𝑠), 𝐼 (𝑠))




2 𝑑𝑠

+ 4𝑝′ (2𝑝′ − 1)𝔼
∫ 𝑡

𝑢

∥ 𝐽 (𝑠)∥2(𝑝
′−1)





 𝜕2𝑔𝜕𝑦𝜕𝑥
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡])) (𝐻 ( [𝑡]), 𝐼 (𝑠))





2 𝑑𝑠.
And Young’s inequality yields

𝔼 ∥ 𝐽 (𝑡)∥2𝑝′
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≤𝔼 ∥ 𝐽 (𝑢)∥2𝑝′ − (2𝜆1 − 2𝜆3 (2𝑝′ − 1) − 4𝜖1 − 8(2𝑝′ − 1)𝜖2) 𝑝′𝔼
∫ 𝑡

𝑢

∥ 𝐽 (𝑠)∥2𝑝′ 𝑑𝑠

+
(
2𝑝′ − 1

2𝑝′𝜖1

)2𝑝′−1
𝔼

∫ 𝑡

𝑢





 𝜕2 𝑓𝜕𝑥2 (𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡])) (𝐻 (𝑠), 𝐼 (𝑠))




2𝑝′ 𝑑𝑠

+
(
2𝑝′ − 1

2𝑝′𝜖1

)2𝑝′−1
𝔼

∫ 𝑡

𝑢





 𝜕2 𝑓𝜕𝑦𝜕𝑥
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡])) (𝐻 ( [𝑡]), 𝐼 (𝑠))





2𝑝′ 𝑑𝑠
+ 2(2𝑝′ − 1)

(
𝑝′ − 1

𝑝′𝜖2

)𝑝′−1
𝔼

∫ 𝑡

𝑢





 𝜕2𝑔𝜕𝑥2 (𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡])) (𝐻 (𝑠), 𝐼 (𝑠))




2𝑝′ 𝑑𝑠

+ 2(2𝑝′ − 1)
(
𝑝′ − 1

𝑝′𝜖2

)𝑝′−1
𝔼

∫ 𝑡

𝑢





 𝜕2𝑔𝜕𝑦𝜕𝑥
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡])) (𝐻 ( [𝑡]), 𝐼 (𝑠))





2𝑝′ 𝑑𝑠.
Taking 𝜖1 = 1

2𝜆3 and 𝜖2 =
2𝑝′

4(2𝑝′−1) 𝜆3 and using the estimates of the partial derivatives

of 𝑓 and 𝑔 with order 1 and 2, we obtain

𝔼 ∥ 𝐽 (𝑡)∥2𝑝′

≤𝔼 ∥ 𝐽 (𝑢)∥2𝑝′ − 2 (𝜆1 − 2𝜆3 − 4𝜆3 (𝑝′ − 1)) 𝑝′𝔼
∫ 𝑡

𝑢

∥ 𝐽 (𝑠)∥2𝑝′ 𝑑𝑠

+
(
2𝑝′ − 1

𝜆3𝑝
′

)2𝑝′−1
𝐾𝑝

′
∫ 𝑡

𝑢

𝔼

((
1 + 2



𝑋 𝑖,𝜂 (𝑠)

𝑞)𝑝′ ∥𝐻 (𝑠)∥2𝑝′ ∥𝐼 (𝑠)∥2𝑝′
)
𝑑𝑠

+
(
2𝑝′ − 1

𝜆3𝑝
′

)2𝑝′−1
𝐾𝑝

′
∫ 𝑡

𝑢

𝔼

((
1 + 2



𝑋 𝑖,𝜂 (𝑠)

𝑞)𝑝′ ∥𝐻 ( [𝑡])∥2𝑝′ ∥𝐼 (𝑠)∥2𝑝′
)
𝑑𝑠

+ 2(2𝑝′ − 1)
(
2(𝑝′ − 1) (2𝑝 − 1)

𝑝′2𝜆3

)𝑝′−1
𝐾𝑝

′
∫ 𝑡

𝑢

𝔼
(
∥𝐻 (𝑠)∥2𝑝′ ∥𝐼 (𝑠))∥2𝑝′

)
𝑑𝑠

+ 2(2𝑝′ − 1)
(
2(𝑝′ − 1) (2𝑝 − 1)

𝑝′2𝜆3

)𝑝′−1
𝐾𝑝

′
∫ 𝑡

𝑢

𝔼
(
∥𝐻 ( [𝑡])∥2𝑝′ ∥𝐼 (𝑠))∥2𝑝′

)
𝑑𝑠.

Using Hölder inequality, 𝑞𝑝′ ≤ 𝑝 and 4𝑝′ ≤ 𝑝, Lemmas 4.1 and 4.5 lead to

𝔼

((
1 + 2



𝑋 𝑖,𝜂 (𝑠)

𝑞)𝑝′ ∥𝐻 (𝑠)∥2𝑝′ ∥𝐼 (𝑠)∥2𝑝′
)

≤
(
𝔼

(
1 + 2



𝑋 𝑖,𝜂 (𝑠)

𝑞)2𝑝′ ) 1
2 (

𝔼∥𝐻 (𝑠)∥8𝑝′
) 1

4
(
𝔼∥𝐼 (𝑠)∥8𝑝′

) 1
4

≤
(
𝔼

(
1 + 2



𝑋 𝑖,𝜂 (𝑠)

𝑞)2𝑝′ ) 1
2 (

𝔼∥𝐻 (𝑠)∥2𝑝
) 𝑝′

𝑝
(
𝔼∥𝐼 (𝑠)∥2𝑝

) 𝑝′
𝑝

≤𝐶
(
1 + 𝔼 ∥D𝑢𝜂∥2𝑝

′
)
∥𝜉 ∥2𝑝′𝑒−𝜈1 (𝑠−𝑖 )𝑝′/𝑝𝑒−𝜈2 (𝑠−𝑢 )𝑝′/𝑝

≤𝐶
(
1 + 𝔼 ∥D𝑢𝜂∥2𝑝

′
)
∥𝜉 ∥2𝑝′𝑒−𝜈1 ( [𝑡 ]−𝑖 )𝑝′/𝑝 .

Similarly,

𝔼
(
∥𝐻 (𝑠)∥2𝑝′ ∥𝐼 (𝑠)∥2𝑝′

)
≤ 𝐶𝑒−𝜈1 ( [𝑡 ]−𝑖 )𝑝′/𝑝

(
1 + 𝔼 ∥D𝑢𝜂∥2𝑝

′
)
∥𝜉 ∥2𝑝′ ,

𝔼

((
1 + 2



𝑋 𝑖,𝜂 (𝑠)

𝑞)𝑝′∥𝐻 ( [𝑡])∥2𝑝′ ∥𝐼 (𝑠)∥2𝑝′
)

≤𝐶𝑒−𝜈1 ( [𝑡 ]−𝑖 )𝑝′/𝑝
(
1 + 𝔼 ∥D𝑢𝜂∥2𝑝

′
)
∥𝜉 ∥2𝑝′
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and

𝔼
(
∥𝐻 ( [𝑡])∥2𝑝′ ∥𝐼 (𝑠)∥2𝑝′

)
≤ 𝐶𝑒−𝜈1 ( [𝑡 ]−𝑖 )𝑝′/𝑝

(
1 + 𝔼 ∥D𝑢𝜂∥2𝑝

′
)
∥𝜉 ∥2𝑝′ .

Let 𝛼7 = 𝜆1 − 2𝜆3 − 4𝜆3 (𝑝′ − 1), then 2𝛼7𝑝
′ > 0 by the condition 𝜆1 − 𝜆2 − 1 − 2𝜆3 ≥

4𝜆3 (𝑝′ − 1). Therefore, [11, Lemma 8.2] leads to

𝔼 ∥ 𝐽 (𝑡)∥2𝑝′ ≤𝑒−2𝛼7𝑝
′ (𝑡−𝑢 )𝔼 ∥ 𝐽 (𝑢)∥2𝑝′ +𝐶𝑒−𝜈1 ( [𝑡 ]−𝑖 )𝑝′/𝑝

(
1 + 𝔼 ∥D𝑢𝜂∥2𝑝

′
)
∥𝜉 ∥2𝑝′ .

Case 2. If 𝑖 ≤ 𝑢 < [𝑡], applying Itô’s formula to 𝑒2𝛼𝑝
′ ∥ 𝐽 (𝑡)∥2𝑝′ , 𝛼 > 0, we have

𝑒2𝛼𝑝
′𝑡𝔼 ∥ 𝐽 (𝑡)∥2𝑝′

≤𝑒2𝛼𝑝′ [𝑡 ]𝔼 ∥ 𝐽 ( [𝑡])∥2𝑝′ + 2𝛼𝑝′𝔼

∫ 𝑡

[𝑡 ]
𝑒2𝛼𝑝

′𝑠 ∥ 𝐽 (𝑠)∥2𝑝′ 𝑑𝑠

+ 2𝑝′𝔼

∫ 𝑡

[𝑡 ]
𝑒2𝛼𝑝

′𝑠 ∥ 𝐽 (𝑠)∥2(𝑝′−1)
〈
𝐽 (𝑠), 𝜕𝑓

𝜕𝑥
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡])) 𝐽 (𝑠)

〉
𝑑𝑠

+ 2𝑝′𝔼

∫ 𝑡

[𝑡 ]
𝑒2𝛼𝑝

′𝑠 ∥ 𝐽 (𝑠)∥2(𝑝′−1)
〈
𝐽 (𝑠), 𝜕𝑓

𝜕𝑦
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡])) 𝐽 ( [𝑡])

〉
𝑑𝑠

+ 2𝑝′𝔼

∫ 𝑡

[𝑡 ]
𝑒2𝛼𝑝

′𝑠 ∥ 𝐽 (𝑠)∥2(𝑝′−1) ⟨𝐽 (𝑠),A(𝑠)⟩ 𝑑𝑠

+ 𝑝′ (2𝑝′ − 1)𝔼
∫ 𝑡

[𝑡 ]
𝑒2𝛼𝑝

′𝑠 ∥ 𝐽 (𝑠)∥2(𝑝′−1)




 𝜕𝑔𝜕𝑥 (𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡])) 𝐽 (𝑠)

+ 𝜕𝑔

𝜕𝑦
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡])) 𝐽 ( [𝑡]) + B(𝑠)





2𝑑𝑠,
where

A(𝑠) = 𝜕
2 𝑓

𝜕𝑥2
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡])) (𝐻 (𝑠), 𝐼 (𝑠)) + 𝜕2 𝑓

𝜕𝑥𝜕𝑦
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡])) (𝐻 (𝑠), 𝐼 ( [𝑡]))

+ 𝜕2 𝑓

𝜕𝑦𝜕𝑥
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡])) (𝐻 ( [𝑡]), 𝐼 (𝑠)) + 𝜕2 𝑓

𝜕𝑦2
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡])) (𝐻 ( [𝑡]), 𝐼 ( [𝑡]))

and

B(𝑠) = 𝜕
2𝑔

𝜕𝑥2
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡])) (𝐻 (𝑠), 𝐼 (𝑠)) + 𝜕2𝑔

𝜕𝑥𝜕𝑦
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡])) (𝐻 (𝑠), 𝐼 ( [𝑡]))

+ 𝜕2𝑔

𝜕𝑦𝜕𝑥
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡])) (𝐻 ( [𝑡]), 𝐼 (𝑠)) + 𝜕2𝑔

𝜕𝑦2
(𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡])) (𝐻 ( [𝑡]), 𝐼 ( [𝑡])).

By the estimates of all the partial derivatives of 𝑓 and 𝑔 up to order 2 and Young’s
inequality, we get

𝑒2𝛼𝑝
′𝑡𝔼 ∥ 𝐽 (𝑡)∥2𝑝′

≤𝑒2𝛼𝑝′ [𝑡 ]𝔼 ∥ 𝐽 ( [𝑡])∥2𝑝′

+ (2𝛼 − 2𝜆1 + 1 + 2𝜖1 + 2𝜆3 (2𝑝′ − 1)) 𝑝′𝔼
∫ 𝑡

[𝑡 ]
𝑒2𝛼𝑝

′𝑠 ∥ 𝐽 (𝑠)∥2𝑝′ 𝑑𝑠

+ 𝑝′𝔼
∫ 𝑡

[𝑡 ]
𝑒2𝛼𝑝

′𝑠 ∥ 𝐽 (𝑠)∥2(𝑝′−1)




 𝜕𝑓𝜕𝑦 (𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡])) 𝐽 ( [𝑡])



2 𝑑𝑠

+
(
2𝑝′ − 1

2𝑝′𝜖1

)2𝑝′−1
𝔼

∫ 𝑡

[𝑡 ]
𝑒2𝛼𝑝

′𝑠 ∥A(𝑠)∥2𝑝′ 𝑑𝑠
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+ 4𝑝′ (2𝑝′ − 1)𝔼
∫ 𝑡

[𝑡 ]
𝑒2𝛼𝑝

′𝑠 ∥ 𝐽 (𝑠)∥2(𝑝′−1) ∥B(𝑠)∥2 𝑑𝑠

+ 4𝑝′ (2𝑝′ − 1)𝔼
∫ 𝑡

[𝑡 ]
𝑒2𝛼𝑝

′𝑠 ∥ 𝐽 (𝑠)∥2(𝑝′−1)




 𝜕𝑔𝜕𝑦 (𝑋 𝑖,𝜂 (𝑠), 𝑋 𝑖,𝜂 ( [𝑡])) 𝐽 ( [𝑡])



2 𝑑𝑠

≤𝑒2𝛼𝑝′ [𝑡 ]𝔼 ∥ 𝐽 ( [𝑡])∥2𝑝′ + (𝜆2 + 4𝜆3 (2𝑝′ − 1)) 𝔼
∫ 𝑡

[𝑡 ]
𝑒2𝛼𝑝

′𝑠 ∥ 𝐽 ( [𝑡])∥2𝑝′ 𝑑𝑠

+ (2𝛼𝑝′ − 𝜆)𝔼
∫ 𝑡

𝑢

𝑒2𝛼𝑝
′𝑠 ∥ 𝐽 (𝑠)∥2𝑝′ 𝑑𝑠 +

(
2𝑝′ − 1

2𝑝′𝜖1

)2𝑝′−1
𝔼

∫ 𝑡

[𝑡 ]
𝑒2𝛼𝑝

′𝑠 ∥A(𝑠)∥2𝑝′ 𝑑𝑠

+ 2(2𝑝′ − 1)
(
𝑝′ − 1

𝑝′𝜖2

)𝑝′−1
𝔼

∫ 𝑡

[𝑡 ]
𝑒2𝛼𝑝

′𝑠 ∥B(𝑠)∥2𝑝′ 𝑑𝑠,

where 𝜆 = (2𝜆1 − 1 − 2𝜖1 − 6𝜆3 (2𝑝′ − 1) − 4(2𝑝′ − 1)𝜖2 − 𝜆2) 𝑝′ +𝜆2+4𝜆3 (2𝑝′−1). Tak-
ing 2𝛼8𝑝

′ = 𝜆, 𝛽7 = 𝜆2 + 4𝜆3 (2𝑝′ − 1), 𝜖1 = 1
4 and 𝜖2 = 1

8(2𝑝′−1) , then 2𝛼8𝑝
′ =

2𝜆1𝑝
′ − 2𝑝′ − 𝜆2𝑝′ − 6𝜆3 (2𝑝′ − 1)𝑝′ + 𝜆2 + 4𝜆3 (2𝑝′ − 1), and

𝑒2𝛼8𝑝
′𝑡𝔼 ∥ 𝐽 (𝑡)∥2𝑝′ ≤𝑒2𝛼8𝑝

′ [𝑡 ]𝔼 ∥ 𝐽 ( [𝑡])∥2𝑝′ + 𝛽7𝔼
∫ 𝑡

[𝑡 ]
𝑒2𝛼8𝑝

′𝑠 ∥ 𝐽 ( [𝑡])∥2𝑝′ 𝑑𝑠

+𝐶
∫ 𝑡

[𝑡 ]
𝑒2𝛼8𝑝

′𝑠𝔼
(
(1 + 2∥𝑋 𝑖,𝜂 (𝑠)∥𝑞)𝑝′ ∥𝐻 (𝑠)∥2𝑝′ ∥𝐼 (𝑠)∥2𝑝′

)
𝑑𝑠

+𝐶
∫ 𝑡

[𝑡 ]
𝑒2𝛼8𝑝

′𝑠𝔼
(
∥𝐻 (𝑠)∥2𝑝′ ∥𝐼 ( [𝑡])∥2𝑝′

)
𝑑𝑠

+𝐶
∫ 𝑡

[𝑡 ]
𝑒2𝛼8𝑝

′𝑠𝔼
(
(1 + 2∥𝑋 𝑖,𝜂 (𝑠)∥𝑞)𝑝′ ∥𝐻 ( [𝑡])∥2𝑝′ ∥𝐼 (𝑠)∥2𝑝′

)
𝑑𝑠

+𝐶
∫ 𝑡

[𝑡 ]
𝑒2𝛼8𝑝

′𝑠𝔼
(
∥𝐻 ( [𝑡])∥2𝑝′ ∥𝐼 ( [𝑡])∥2𝑝′

)
𝑑𝑠,

where 𝐶 is independent of 𝑡 . Similarly to the case 𝑢 ≥ [𝑡], we get

𝑒2𝛼8𝑝
′𝑡𝔼 ∥ 𝐽 (𝑡)∥2𝑝′ ≤𝑒2𝛼8𝑝

′ [𝑡 ]𝔼 ∥ 𝐽 ( [𝑡])∥2𝑝′ + 𝛽7𝔼
∫ 𝑡

[𝑡 ]
𝑒2𝛼8𝑝

′𝑠 ∥ 𝐽 ( [𝑡])∥2𝑝′ 𝑑𝑠

+𝐶𝑒−𝜈1 ( [𝑡 ]−𝑖 )𝑝′/𝑝
(
1 + 𝔼 ∥D𝑢𝜂∥2𝑝

′
)
∥𝜉 ∥2𝑝′

∫ 𝑡

[𝑡 ]
𝑒2𝛼8𝑝

′𝑠𝑑𝑠

≤
(
𝛽7

2𝛼8𝑝′
+

(
1 − 𝛽7

2𝛼8𝑝′

)
𝑒−2𝛼8𝑝

′ {𝑡 }
)
𝑒2𝛼8𝑝

′𝑡𝔼 ∥ 𝐽 ( [𝑡])∥2𝑝′

+𝐶𝑒−𝜈1 ( [𝑡 ]−𝑖 )𝑝′/𝑝
(
1 + 𝔼 ∥D𝑢𝜂∥2𝑝

′
)
∥𝜉 ∥2𝑝′

(
𝑒2𝛼8𝑝

′𝑡 − 𝑒2𝛼8𝑝
′ [𝑡 ]

)
,

which implies

𝔼 ∥ 𝐽 (𝑡)∥′ ≤𝑟5 ({𝑡})𝔼 ∥ 𝐽 ( [𝑡])∥2𝑝′ +𝐶𝑒−𝜈1 ( [𝑡 ]−𝑖 )𝑝′/𝑝
(
1 + 𝔼 ∥D𝑢𝜂∥2𝑝

′
)
∥𝜉 ∥2𝑝′ ,

where the function 𝑟5 is defined similarly to 𝑟 in the proof of Theorem 2.3 with

𝑟5 ({𝑡}) =
𝛽7

2𝛼8𝑝
′ +

(
1 − 𝛽7

2𝛼8𝑝
′

)
𝑒−2𝛼8𝑝

′ {𝑡 } for {𝑡} ∈ [0, 1) and 𝑟5 (1) := lim𝑡→𝑘− 𝑟5 ({𝑡}),
𝑘 ∈ ℕ. Since 𝜆1 − 𝜆2 − 1 − 2𝜆3 > 4𝜆3 (𝑝 − 1), we have 2𝛼8𝑝

′ > 𝛽7 and 0 < 𝑟5 ≤ 1.
Similarly to the proof of Lemma 4.1, we obtain

𝔼 ∥ 𝐽 (𝑡)∥2𝑝′ ≤𝑟5 ({𝑡})𝑟5 (1) [𝑡 ]−[𝑢 ]−1𝔼 ∥ 𝐽 ( [𝑢] + 1)∥2𝑝′
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+𝐶
(
1 + 𝔼 ∥D𝑢𝜂∥2𝑝

′
)
∥𝜉 ∥2𝑝′𝑒−𝜈1 ( [𝑡 ]−𝑖 )𝑝′/𝑝 ×

([𝑡 ]−[𝑢 ]−1∑︁
𝑗=1

𝑟5 (1) 𝑗−1𝑒𝜈1 𝑗𝑝
′/𝑝

)
+𝐶

(
1 + 𝔼 ∥D𝑢𝜂∥2𝑝

′
)
∥𝜉 ∥2𝑝′𝑒−𝜈1 ( [𝑡 ]−𝑖 )𝑝′/𝑝 .

Without loss of generality, we assume 𝑟5 (1)𝑒𝜈1𝑝
′/𝑝 < 1, then

𝔼 ∥ 𝐽 (𝑡)∥2𝑝′ ≤𝑟5 ({𝑡})𝑟5 (1) [𝑡 ]−[𝑢 ]−1𝔼 ∥ 𝐽 ( [𝑢] + 1)∥2𝑝′

+𝐶
(
1 + 𝔼 ∥D𝑢𝜂∥2𝑝

′
)
∥𝜉 ∥2𝑝′𝑒−𝜈1 ( [𝑡 ]−𝑖−1)𝑝′/𝑝

≤ 1

𝑟5 (1)
𝑒 (𝑡−[𝑢 ]−1) log 𝑟5 (1)𝑒−2𝛼7𝑝

′ ( [𝑢 ]+1−𝑢 )𝔼 ∥ 𝐽 (𝑢)∥2𝑝′

+𝐶𝑒−𝜈1 ( [𝑡 ]−𝑖−1)𝑝′/𝑝
(
1 + 𝔼 ∥D𝑢𝜂∥2𝑝

′
)
∥𝜉 ∥2𝑝′

≤𝐶𝑒−𝜈3 (𝑡−𝑢 )𝔼 ∥ 𝐽 (𝑢)∥2𝑝′ +𝐶𝑒−𝜈1 ( [𝑡 ]−𝑖 )𝑝′/𝑝
(
1 + 𝔼 ∥D𝑢𝜂∥2𝑝

′
)
∥𝜉 ∥2𝑝′ ,

where 𝜈3 = min{− log 𝑟5 (1), 2𝛼7𝑝′}. By the estimates and the uniform boundedness
of 𝑋 (𝑠), we have

𝔼∥ 𝐽 (𝑢)∥2𝑝′ ≤ 𝐶 ∥𝜉 ∥2𝑝′ .
Therefore

𝔼 ∥ 𝐽 (𝑡)∥2𝑝′ ≤𝐶𝑒−𝜈3 (𝑡−𝑢 ) ∥𝜉 ∥2𝑝′ +𝐶𝑒−𝜈1 ( [𝑡 ]−𝑖 )𝑝′/𝑝
(
1 + 𝔼 ∥D𝑢𝜂∥2𝑝

′
)
∥𝜉 ∥2𝑝′ .

Case 3. If 𝑢 < 𝑖, then similar to Case 2, we have

𝔼 ∥ 𝐽 (𝑡)∥2𝑝′ ≤𝐶𝑒−𝜈3 (𝑡−𝑖 ) ∥𝜉 ∥2𝑝′ +𝐶𝑒−𝜈1 ( [𝑡 ]−𝑖 )𝑝′/𝑝
(
1 + 𝔼 ∥D𝑢𝜂∥2𝑝

′
)
∥𝜉 ∥2𝑝′ .

The proof is completed. □

Lemma 4.7. Let 𝑓 and 𝑔 have continuous partial derivatives up to order 3. Suppose
that conditions in Lemma 2.4 with 𝑝 ≥ 4, Assumptions 4.3-4.4, and 𝔼 ∥D𝑢𝜂∥2𝑝 < ∞
hold. Then

𝔼


D𝑤D𝑢𝑋

𝑖,𝜂 (𝑡)𝜉


2𝑝′≤𝐶𝑒−𝜈3 (𝑡−𝑤∨𝑢∨𝑖 )𝔼∥D𝑤D𝑢𝜂∥2𝑝

′

+𝐶𝑒−𝜈2 ( [𝑡 ]−𝑤∨𝑢∨𝑖 )𝑝′/𝑝
(
1 + 𝔼 ∥D𝑢𝜂∥2𝑝

′ + 𝔼 ∥D𝑤𝜂∥2𝑝
′
) (50)

and

𝔼


D𝑤D𝑢𝐷𝑋

𝑖,𝜂 (𝑡)𝜉


2𝑝′≤𝐶𝑒−𝜈3 (𝑡−𝑤∨𝑢∨𝑖 )𝔼∥D𝑤D𝑢𝜂∥2𝑝

′

+𝐶𝑒−𝜈2 ( [𝑡 ]−𝑤∨𝑢∨𝑖 )𝑝′/𝑝
(
1 + 𝔼 ∥D𝑢𝜂∥2𝑝

′+ 𝔼 ∥D𝑤𝜂∥2𝑝
′
) (51)

for any 1 ≤ 𝑝′ ≤ min{ 𝑝4 ,
𝑝

𝑞
}, 𝜉 ∈ ℝ𝑑 .

4.2. Errors of 𝜋 and 𝜋𝛿 . Let us first derive the weak error of 𝑋 (𝑘) and 𝑌𝑘 .

Theorem 4.8. Let conditions in Lemma 2.4 with 𝑝 ≥ 4, and Assumptions 4.3-4.4
hold. Then there exists 𝐶 := 𝐶 (∥𝜙 ∥3, 𝜆1, 𝜆2, 𝜆3, 𝑝, 𝑞, 𝐾) > 0 independent of 𝑘, 𝛿 such
that ��𝔼𝜙 (𝑋 0,𝑥 (𝑘)) − 𝔼𝜙 (𝑌 0,𝑥

𝑘
)
�� ≤ 𝐶𝛿, ∀ 𝜙 ∈ 𝐶3

𝑏

for any 𝛿 ∈ (0, 𝛿1) with 𝛿1 > 0 sufficiently small.
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Proof. For any 𝜙 ∈ 𝐶3
𝑏
,��𝔼𝜙 (𝑋 0,𝑥 (𝑘)) − 𝔼𝜙 (𝑌 0,𝑥

𝑘
)
��

=

�����𝑘−1∑︁
𝑖=0

(
𝔼𝜙 (𝑋 𝑖+1,𝑋

0,𝑥

(𝑖+1)𝑚 (𝑘)) − 𝔼𝜙 (𝑋 𝑖,𝑋
0,𝑥
𝑖𝑚 (𝑘))

)�����
=

�����𝑘−1∑︁
𝑖=0

(
𝔼𝜙 (𝑋 𝑖+1,𝑋

0,𝑥

(𝑖+1)𝑚 (𝑘)) − 𝔼𝜙 (𝑋 𝑖+1,𝑋
𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑖+1) (𝑘))

)�����
≤
𝑘−1∑︁
𝑖=0

����𝔼𝜙 (𝑋 𝑖+1,𝑋0,𝑥

(𝑖+1)𝑚 (𝑘)) − 𝔼𝜙 (𝑋 𝑖+1,𝑋
𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑖+1) (𝑘))

����
=

𝑘−1∑︁
𝑖=0

����𝔼∫ 1

0

𝐷 (𝜙 ◦ 𝑋 )𝑖+1 (𝑘, 𝜃 )
(
𝑋

0,𝑥
(𝑖+1)𝑚 − 𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑖 + 1)

)
𝑑𝜃

���� ,
where 𝐷 (𝜙 ◦ 𝑋 )𝑖+1 (𝑘, 𝜃 ) = 𝐷 (𝜙 ◦ 𝑋 ) (𝑘; 𝑖 + 1, 𝜃𝑋 0,𝑥

(𝑖+1)𝑚 + (1 − 𝜃 )𝑋 𝑖,𝑋0,𝑥
𝑖𝑚 (𝑖 + 1)). From

𝑋
0,𝑥
(𝑖+1)𝑚 − 𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑖 + 1) = 𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚

(𝑖+1)𝑚 − 𝑋 𝑖,𝑋
0,𝑥
𝑖𝑚 (𝑖 + 1)

=

𝑚−1∑︁
𝑙=0

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙

(
𝑓 (𝑋𝑖𝑚+𝑙+1, 𝑋

0,𝑥
𝑖𝑚

) − 𝑓 (𝑋 𝑖,𝑋
0,𝑥
𝑖𝑚 (𝑠), 𝑋 0,𝑥

𝑖𝑚
)
)
𝑑𝑠

+
𝑚−1∑︁
𝑙=0

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙

(
𝑔(𝑋𝑖𝑚+𝑙 , 𝑋

0,𝑥
𝑖𝑚

) − 𝑔(𝑋 𝑖,𝑋
0,𝑥
𝑖𝑚 (𝑠), 𝑋 0,𝑥

𝑖𝑚
)
)
𝑑𝐵(𝑠),

it follows that���𝔼𝜙 (𝑋0,𝑥 (𝑘)) − 𝔼𝜙 (𝑌0,𝑥
𝑘

)
���

≤
𝑘−1∑︁
𝑖=0

𝑚−1∑︁
𝑙=0

����𝔼∫ 1

0
𝐷 (𝜙 ◦ 𝑋 )𝑖+1 (𝑘, 𝜃 ) ·

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙

(
𝑓 (𝑋𝑖𝑚+𝑙+1, 𝑋

0,𝑥
𝑖𝑚

) − 𝑓 (𝑋𝑖𝑚+𝑙 , 𝑋
0,𝑥
𝑖𝑚

)
)
𝑑𝑠𝑑𝜃

����
+
𝑘−1∑︁
𝑖=0

𝑚−1∑︁
𝑙=0

����𝔼∫ 1

0
𝐷 (𝜙◦𝑋 )𝑖+1 (𝑘, 𝜃 ) ·

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙

(
𝑓 (𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑠), 𝑋0,𝑥

𝑖𝑚
) − 𝑓 (𝑋𝑖𝑚+𝑙 , 𝑋

0,𝑥
𝑖𝑚

)
)
𝑑𝑠𝑑𝜃

����
+
𝑘−1∑︁
𝑖=0

𝑚−1∑︁
𝑙=0

����𝔼∫ 1

0
𝐷 (𝜙◦𝑋 )𝑖+1 (𝑘, 𝜃 ) ·

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙

(
𝑔(𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑠), 𝑋0,𝑥

𝑖𝑚
)−𝑔(𝑋𝑖𝑚+𝑙 , 𝑋

0,𝑥
𝑖𝑚

)
)
𝑑𝐵(𝑠)𝑑𝜃

����
= :

𝑘−1∑︁
𝑖=0

𝑚−1∑︁
𝑙=0

(𝐼1 + 𝐼2 + 𝐼3) .

Denote 𝑋𝑖𝑚+𝑙+𝜏 := 𝜏𝑋𝑖𝑚+𝑙+1 + (1 − 𝜏)𝑋𝑖𝑚+𝑙 , 𝜏 ∈ [0, 1]. Then the estimate of 𝐼1 is

𝐼1 =𝛿

����𝔼∫ 1

0

∫ 1

0
𝐷 (𝜙 ◦ 𝑋 )𝑖+1 (𝑘, 𝜃 ) ·

𝜕𝑓

𝜕𝑥
(𝑋𝑖𝑚+𝑙+𝜏 , 𝑋

0,𝑥
𝑖𝑚

) (𝑋𝑖𝑚+𝑙+1 − 𝑋𝑖𝑚+𝑙 ) 𝑑𝜏𝑑𝜃
����

≤𝛿2
∫ 1

0

∫ 1

0

����𝔼(
𝐷 (𝜙 ◦ 𝑋 )𝑖+1 (𝑘, 𝜃 ) ·

𝜕𝑓

𝜕𝑥
(𝑋𝑖𝑚+𝑙+𝜏 , 𝑋

0,𝑥
𝑖𝑚

) 𝑓 (𝑋𝑖𝑚+𝑙+1, 𝑋
0,𝑥
𝑖𝑚

)
) ����𝑑𝜏𝑑𝜃

+ 𝛿
∫ 1

0

∫ 1

0

����𝔼(
𝐷 (𝜙◦𝑋 )𝑖+1 (𝑘, 𝜃 ) ·

𝜕𝑓

𝜕𝑥
(𝑋𝑖𝑚+𝑙+𝜏 , 𝑋

0,𝑥
𝑖𝑚

)𝑔(𝑋𝑖𝑚+𝑙 , 𝑋
0,𝑥
𝑖𝑚

)Δ𝐵𝑖𝑚+𝑙

)����𝑑𝜏𝑑𝜃
= : 𝐼11 + 𝐼12 .
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Denote 𝑋𝑖+1 (𝑘, 𝜃 ) = 𝑋
𝑖+1,𝜃𝑋0,𝑥

(𝑖+1)𝑚+(1−𝜃 )𝑋 𝑖,𝑋
0,𝑥
𝑖𝑚 (𝑖+1) (𝑘). The chain rule of the Fréchet

derivative leads to

𝐷 (𝜙 ◦ 𝑋 )𝑖+1 (𝑘, 𝜃 ) = 𝐷𝜙 (𝑋𝑖+1 (𝑘, 𝜃 )) · 𝐷𝑋𝑖+1 (𝑘, 𝜃 ).
From 𝜙 ∈ 𝐶1

𝑏
, Hölder inequality and Lemma 4.1, it follows

𝐼11 ≤𝐶𝛿2
∫ 1

0

∫ 1

0





𝔼 (
𝐷𝑋𝑖+1 (𝑘, 𝜃 ) ·

𝜕𝑓

𝜕𝑥
(𝑋𝑖𝑚+𝑙+𝜏 , 𝑋

0,𝑥
𝑖𝑚

) 𝑓 (𝑋𝑖𝑚+𝑙+1, 𝑋
0,𝑥
𝑖𝑚

)
)



𝑑𝜏𝑑𝜃

≤𝐶𝛿2
∫ 1

0

∫ 1

0

(
𝔼





𝐷𝑋𝑖+1 (𝑘, 𝜃 ) · 𝜕𝑓𝜕𝑥 (𝑋𝑖𝑚+𝑙+𝜏 , 𝑋
0,𝑥
𝑖𝑚

) 𝑓 (𝑋𝑖𝑚+𝑙+1, 𝑋
0,𝑥
𝑖𝑚

)




2) 1

2

𝑑𝜏𝑑𝜃

≤𝐶𝑒−
1
2
𝜈1 (𝑘−𝑖−1)𝛿2

∫ 1

0

(
𝔼





 𝜕𝑓𝜕𝑥 (𝑋𝑖𝑚+𝑙+𝜏 , 𝑋
0,𝑥
𝑖𝑚

) 𝑓 (𝑋𝑖𝑚+𝑙+1, 𝑋
0,𝑥
𝑖𝑚

)




2) 1

2

𝑑𝜏

≤𝐶𝑒−
1
2
𝜈1 (𝑘−𝑖−1)𝛿2

∫ 1

0

(
𝔼

(
2𝐾 (1 + ∥𝑋𝑖𝑚+𝑙+𝜏 ∥𝑞)∥𝑋𝑖𝑚+𝑙+𝜏 ∥2




𝑓 (𝑋𝑖𝑚+𝑙+1, 𝑋
0,𝑥
𝑖𝑚

)



2

+ 4𝐾 ∥𝑋0,𝑥
𝑖𝑚

∥2



𝑓 (𝑋𝑖𝑚+𝑙+1, 𝑋

0,𝑥
𝑖𝑚

)



2 + 4





 𝜕𝑓𝜕𝑥 (0, 0) 𝑓 (𝑋𝑖𝑚+𝑙+1, 𝑋
0,𝑥
𝑖𝑚

)




2 )) 1

2

𝑑𝜏 .

By the 𝐿2𝑝 (𝑝 ≥ 4) uniform boundedness of the numerical solution and Assumptions
4.3-4.4,

𝐼11 ≤ 𝐶𝑒− 1
2
𝜈1 (𝑘−𝑖−1)𝛿2.

For 𝐼12, the duality formula of Malliavin derivative [18, P. 43] leads to

𝐼12 =𝛿

∫ 1

0

∫ 1

0





𝔼∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙
D𝑢𝐷 (𝜙 ◦𝑋 )𝑖+1 (𝑘, 𝜃 ) ·

𝜕𝑓

𝜕𝑥
(𝑋𝑖𝑚+𝑙+𝜏 , 𝑋

0,𝑥
𝑖𝑚

)𝑔 (𝑋𝑖𝑚+𝑙 , 𝑋
0,𝑥
𝑖𝑚

)𝑑𝑢




𝑑𝜏𝑑𝜃

≤𝛿
∫ 1

0

∫ 1

0

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙





𝔼 (
D𝑢𝐷 (𝜙 ◦𝑋 )𝑖+1 (𝑘, 𝜃 ) ·

𝜕𝑓

𝜕𝑥
(𝑋𝑖𝑚+𝑙+𝜏 , 𝑋

0,𝑥
𝑖𝑚

)𝑔 (𝑋𝑖𝑚+𝑙 , 𝑋
0,𝑥
𝑖𝑚

)
) 



𝑑𝑢𝑑𝜏𝑑𝜃 .

Then by the chain rule for Fréchet derivatives, the chain rule and the product rule
for Malliavin derivatives [18, P. 37], we obtain

D𝑢𝐷 (𝜙 ◦ 𝑋 )𝑖+1 (𝑘, 𝜃 )𝜉 =D𝑢 (𝐷𝜙 (𝑋𝑖+1 (𝑘, 𝜃 )) · 𝐷𝑋𝑖+1 (𝑘, 𝜃 )𝜉)
= (D𝑢𝑋𝑖+1 (𝑘, 𝜃 ))⊤ · 𝐷2𝜙 (𝑋𝑖+1 (𝑘, 𝜃 ))𝐷𝑋𝑖+1 (𝑘, 𝜃 )𝜉
+ 𝐷𝜙 (𝑋𝑖+1 (𝑘, 𝜃 )) · D𝑢𝐷𝑋𝑖+1 (𝑘, 𝜃 )𝜉 .

Thus, Lemmas 4.1-4.6, Assumptions 2.1, 4.3 and 𝜙 ∈ 𝐶2
𝑏
lead to

𝐼12

≤𝛿
∫ 1

0

∫ 1

0

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙





𝔼(
(D𝑢𝑋𝑖+1 (𝑘, 𝜃 ) )⊤ · 𝐷2𝜙 (𝑋𝑖+1 (𝑘, 𝜃 ) ) · 𝐷𝑋𝑖+1 (𝑘, 𝜃 )×

𝜕𝑓

𝜕𝑥
(𝑋𝑖𝑚+𝑙+𝜏 , 𝑋

0,𝑥
𝑖𝑚

)𝑔 (𝑋𝑖𝑚+𝑙 , 𝑋
0,𝑥
𝑖𝑚

)
)



𝑑𝑢𝑑𝜏𝑑𝜃

+ 𝛿
∫ 1

0

∫ 1

0

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙





𝔼(
𝐷𝜙 (𝑋𝑖+1 (𝑘, 𝜃 ) ) · D𝑢𝐷𝑋𝑖+1 (𝑘, 𝜃 )×

𝜕𝑓

𝜕𝑥
(𝑋𝑖𝑚+𝑙+𝜏 , 𝑋

0,𝑥
𝑖𝑚

)𝑔 (𝑋𝑖𝑚+𝑙 , 𝑋
0,𝑥
𝑖𝑚

)
)



𝑑𝑢𝑑𝜏𝑑𝜃

≤𝐶𝛿
∫ 1

0

∫ 1

0

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙





𝔼(
D𝑢𝑋𝑖+1 (𝑘, 𝜃 )⊤· 𝐷𝑋𝑖+1 (𝑘, 𝜃 ) ·

𝜕𝑓

𝜕𝑥
(𝑋𝑖𝑚+𝑙+𝜏 , 𝑋

0,𝑥
𝑖𝑚

)𝑔 (𝑋𝑖𝑚+𝑙 , 𝑋
0,𝑥
𝑖𝑚

)
)



𝑑𝑢𝑑𝜏𝑑𝜃

+𝐶𝛿
∫ 1

0

∫ 1

0

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙





𝔼(
D𝑢𝐷𝑋𝑖+1 (𝑘, 𝜃 ) ·

𝜕𝑓

𝜕𝑥
(𝑋𝑖𝑚+𝑙+𝜏 , 𝑋

0,𝑥
𝑖𝑚

)𝑔 (𝑋𝑖𝑚+𝑙 , 𝑋
0,𝑥
𝑖𝑚

)
)



𝑑𝑢𝑑𝜏𝑑𝜃

≤𝐶𝛿
∫ 1

0

∫ 1

0

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙

(
𝔼 ∥D𝑢𝑋𝑖+1 (𝑘, 𝜃 ) ∥2

) 1
2 ×
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(
𝔼





𝐷𝑋𝑖+1 (𝑘, 𝜃 ) · 𝜕𝑓𝜕𝑥 (𝑋𝑖𝑚+𝑙+𝜏 , 𝑋
0,𝑥
𝑖𝑚

)𝑔 (𝑋𝑖𝑚+𝑙 , 𝑋
0,𝑥
𝑖𝑚

)




2) 1

2

𝑑𝑢𝑑𝜏𝑑𝜃

+𝐶𝛿
∫ 1

0

∫ 1

0

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙

(
𝔼





D𝑢𝐷𝑋𝑖+1 (𝑘, 𝜃 ) ·
𝜕𝑓

𝜕𝑥
(𝑋𝑖𝑚+𝑙+𝜏 , 𝑋

0,𝑥
𝑖𝑚

)𝑔 (𝑋𝑖𝑚+𝑙 , 𝑋
0,𝑥
𝑖𝑚

)




2) 1

2
𝑑𝑢𝑑𝜏𝑑𝜃

≤𝐶𝑒−
1
2 (𝜈1+𝜈2 ) (𝑘−𝑖−1)

𝛿2 +
(
𝐶𝑒

− 1
2 𝜈3 (𝑘−𝑖−1) +𝐶𝑒−

1
2𝑝 𝜈1 (𝑘−𝑖−1)

)
𝛿2

≤𝐶𝑒−
1
2 𝜈4 (𝑘−𝑖−1)

𝛿2,

where 𝜈4 = min{𝜈3, 1𝑝𝜈1} and 𝑢 ≤ 𝑖 + 1 are used.

Next, we estimate 𝐼2. Itô’s formula implies

𝐼2 ≤
�����𝔼∫ 1

0

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙
𝐷 (𝜙 ◦𝑋 )𝑖+1 (𝑘, 𝜃 ) ·

(
𝑓 (𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑠 ), 𝑋0,𝑥

𝑖𝑚
) − 𝑓 (𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑡𝑖𝑚+𝑙 ), 𝑋0,𝑥

𝑖𝑚
)
)
𝑑𝑠𝑑𝜃

�����
+ 𝛿

����𝔼∫ 1

0
𝐷 (𝜙 ◦𝑋 )𝑖+1 (𝑘, 𝜃 ) ·

(
𝑓 (𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑡𝑖𝑚+𝑙 ), 𝑋0,𝑥

𝑖𝑚
) − 𝑓 (𝑋𝑖𝑚+𝑙 , 𝑋

0,𝑥
𝑖𝑚

)
)
𝑑𝜃

����
≤

�����𝔼∫ 1

0

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙
𝐷 (𝜙 ◦𝑋 )𝑖+1 (𝑘, 𝜃 ) ·

∫ 𝑠

𝑡𝑖𝑚+𝑙

𝜕𝑓

𝜕𝑥
(𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
) 𝑓 (𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
)𝑑𝑢𝑑𝑠𝑑𝜃

�����
+ 1

2

����𝔼∫ 1

0

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙
𝐷 (𝜙 ◦𝑋 )𝑖+1 (𝑘, 𝜃 ) ·

∫ 𝑠

𝑡𝑖𝑚+𝑙

𝜕2 𝑓

𝜕𝑥2
(𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
)

(𝑔 (𝑋 𝑖,𝑋
0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
), 𝑔 (𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
) )𝑑𝑢𝑑𝑠𝑑𝜃

����
+

�����𝔼∫ 1

0

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙
𝐷 (𝜙 ◦𝑋 )𝑖+1 (𝑘, 𝜃 ) ·

∫ 𝑠

𝑡𝑖𝑚+𝑙

𝜕𝑓

𝜕𝑥
(𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
)𝑔 (𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
)𝑑𝐵 (𝑢 )𝑑𝑠𝑑𝜃

�����
+ 𝛿

����𝔼∫ 1

0
𝐷 (𝜙 ◦𝑋 )𝑖+1 (𝑘, 𝜃 ) ·

(
𝑓 (𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑡𝑖𝑚+𝑙 ), 𝑋0,𝑥

𝑖𝑚
) − 𝑓 (𝑋𝑖𝑚+𝑙 , 𝑋

0,𝑥
𝑖𝑚

)
)
𝑑𝜃

����
= : 𝐼21 + 𝐼22 + 𝐼23 + 𝐼24 .

By Assumptions 2.1 and 4.3, the 𝐿2𝑝 (𝑝 ≥ 4) uniform boundedness of 𝑋 𝑖,𝜂 (𝑡) and
the chain rule for Fréchet derivatives, Hölder’s inequality and Lemma 4.1 yield

𝐼21 ≤
∫ 1

0

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙

∫ 𝑠

𝑡𝑖𝑚+𝑙

(
𝔼

����𝐷 (𝜙 ◦𝑋 )𝑖+1 (𝑘, 𝜃 ) ·
𝜕𝑓

𝜕𝑥
(𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
) 𝑓 (𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
)
����2) 1

2

𝑑𝑢𝑑𝑠𝑑𝜃

≤𝐶𝑒−
1
2 𝜈1 (𝑘−𝑖−1)

𝛿2

and

𝐼22 ≤ 1

2

∫ 1

0

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙

∫ 𝑠

𝑡𝑖𝑚+𝑙

(
𝔼





𝐷 (𝜙 ◦𝑋 )𝑖+1 (𝑘, 𝜃 ) ·
𝜕2 𝑓

𝜕𝑥2
(𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
)

(𝑔 (𝑋 𝑖,𝑋
0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
), 𝑔 (𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
) )





2) 1
2

𝑑𝑢𝑑𝑠𝑑𝜃

≤𝐶𝑒−
1
2 𝜈1 (𝑘−𝑖−1)𝛿2 .

The estimates of 𝐼23 and 𝐼24 are similar to that of 𝐼12,

𝐼23 ≤ 𝐶𝑒− 1
2
𝜈4 (𝑘−𝑖−1)𝛿2 and 𝐼24 ≤ 𝐶𝑒−𝜈5 (𝑘−𝑖−1)𝛿2,

where 𝜈5 > 0 is a constant. The estimate of 𝐼3 is as follows. Itô’s formula leads to

𝐼3 ≤
�����𝔼∫ 1

0
𝐷 (𝜙 ◦𝑋 )𝑖+1 (𝑘, 𝜃 ) ·

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙

∫ 𝑠

𝑡𝑖𝑚+𝑙

𝜕𝑔

𝜕𝑥
(𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
) 𝑓 (𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
)𝑑𝑢𝑑𝐵 (𝑠 )𝑑𝜃

�����
+ 1

2

����𝔼∫ 1

0
𝐷 (𝜙 ◦𝑋 )𝑖+1 (𝑘, 𝜃 ) ·

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙

∫ 𝑠

𝑡𝑖𝑚+𝑙

𝜕2𝑔

𝜕𝑥2
(𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
)

(𝑔 (𝑋 𝑖,𝑋
0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
), 𝑔 (𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
) )𝑑𝑢𝑑𝐵 (𝑠 )𝑑𝜃

����
+

�����𝔼∫ 1

0
𝐷 (𝜙 ◦𝑋 )𝑖+1 (𝑘, 𝜃 ) ·

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙

∫ 𝑠

𝑡𝑖𝑚+𝑙

𝜕𝑔

𝜕𝑥
(𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
)𝑔 (𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
)𝑑𝐵 (𝑢 )𝑑𝐵 (𝑠 )𝑑𝜃

�����
= : 𝐼31 + 𝐼32 + 𝐼33 .
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The estimates of 𝐼31 and 𝐼32 are similar to that of 𝐼12,

𝐼31 =

�����∫ 1

0

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙
𝔼

(
D𝑠𝐷 (𝜙 ◦𝑋 )𝑖+1 (𝑘, 𝜃 ) ·

∫ 𝑠

𝑡𝑖𝑚+𝑙

𝜕𝑔

𝜕𝑥
(𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
) 𝑓 (𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑣), 𝑋0,𝑥

𝑖𝑚
)𝑑𝑢

)
𝑑𝑠𝑑𝜃

�����
≤

∫ 1

0

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙

∫ 𝑠

𝑡𝑖𝑚+𝑙
𝔼

����D𝑠𝐷 (𝜙 ◦𝑋 )𝑖+1 (𝑘, 𝜃 ) ·
𝜕𝑔

𝜕𝑥
(𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
) 𝑓 (𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
)
����𝑑𝑢𝑑𝑠𝑑𝜃

≤𝐶𝑒−
1
2 𝜈4 (𝑘−𝑖−1)

𝛿2

and

𝐼32 =
1

2

����∫ 1

0

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙
𝔼

(
D𝑠𝐷 (𝜙 ◦𝑋 )𝑖+1 (𝑘, 𝜃 ) ·

∫ 𝑠

𝑡𝑖𝑚+𝑙

𝜕2𝑔

𝜕𝑥2
(𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
)

(𝑔 (𝑋 𝑖,𝑋
0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
), 𝑔 (𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
) )

)
𝑑𝑢𝑑𝑠𝑑𝜃

����
≤ 1

2

∫ 1

0

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙

∫ 𝑠

𝑡𝑖𝑚+𝑙
𝔼

����D𝑠𝐷 (𝜙 ◦𝑋 )𝑖+1 (𝑘, 𝜃 ) ·
𝜕2𝑔

𝜕𝑥2
(𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
)

(𝑔 (𝑋 𝑖,𝑋
0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
), 𝑔 (𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
) )

����𝑑𝑢𝑑𝑠𝑑𝜃
≤𝐶𝑒−

1
2 𝜈4 (𝑘−𝑖−1)𝛿2 .

For 𝐼33, we obtain

𝐼33

=

�����∫ 1

0

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙
𝔼

(
D𝑠𝐷 (𝜙 ◦𝑋 )𝑖+1 (𝑘, 𝜃 ) ·

∫ 𝑠

𝑡𝑖𝑚+𝑙

𝜕𝑔

𝜕𝑥
(𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
)𝑔 (𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
)𝑑𝐵 (𝑢 )

)
𝑑𝑠𝑑𝜃

�����
=

�����∫ 1

0

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙

∫ 𝑠

𝑡𝑖𝑚+𝑙
𝔼

(
D𝑢D𝑠𝐷 (𝜙 ◦𝑋 )𝑖+1 (𝑘, 𝜃 ) ·

𝜕𝑔

𝜕𝑥
(𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
)𝑔 (𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
)
)
𝑑𝑢𝑑𝑠𝑑𝜃

�����
≤

∫ 1

0

∫ 𝑡𝑖𝑚+𝑙+1

𝑡𝑖𝑚+𝑙

∫ 𝑠

𝑡𝑖𝑚+𝑙
𝔼

����D𝑢D𝑠𝐷 (𝜙 ◦𝑋 )𝑖+1 (𝑘, 𝜃 ) ·
𝜕𝑔

𝜕𝑥
(𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
)𝑔 (𝑋 𝑖,𝑋

0,𝑥
𝑖𝑚 (𝑢 ), 𝑋0,𝑥

𝑖𝑚
)
����𝑑𝑢𝑑𝑠𝑑𝜃 .

Taking Malliavin derivative D𝑢 on D𝑠𝐷 (𝜙 ◦ 𝑋 )𝑖+1 (𝑘, 𝜃 )𝜉 yields

D𝑢D𝑠𝐷 (𝜙 ◦ 𝑋 )𝑖+1 (𝑘, 𝜃 )𝜉

=D𝑢

(
(D𝑠𝑋𝑖+1 (𝑘, 𝜃 ))⊤ · 𝐷2𝜙 (𝑋𝑖+1 (𝑘, 𝜃 )) · 𝐷𝑋𝑖+1 (𝑘, 𝜃 )𝜉

+ 𝐷𝜙 (𝑋𝑖+1 (𝑘, 𝜃 )) · D𝑠𝐷𝑋𝑖+1 (𝑘, 𝜃 )𝜉
)

= (D𝑢D𝑠𝑋𝑖+1 (𝑘, 𝜃 ))⊤ · 𝐷2𝜙 (𝑋𝑖+1 (𝑘, 𝜃 )) · 𝐷𝑋𝑖+1 (𝑘, 𝜃 )𝜉
+ 𝐷3𝜙 (𝑋𝑖+1 (𝑘, 𝜃 )) (𝐷𝑋𝑖+1 (𝑘, 𝜃 )𝜉, D𝑠𝑋𝑖+1 (𝑘, 𝜃 ), D𝑢𝑋𝑖+1 (𝑘, 𝜃 ))
+ (D𝑠𝑋𝑖+1 (𝑘, 𝜃 ))⊤ · 𝐷2𝜙 (𝑋𝑖+1 (𝑘, 𝜃 ) · D𝑢𝐷𝑋𝑖+1 (𝑘, 𝜃 )𝜉
+ (D𝑢𝑋𝑖+1 (𝑘, 𝜃 ))⊤ · 𝐷2𝜙 (𝑋𝑖+1 (𝑘, 𝜃 )) · D𝑠𝐷𝑋𝑖+1 (𝑘, 𝜃 )𝜉
+ 𝐷𝜙 (𝑋𝑖+1 (𝑘, 𝜃 )) · D𝑢D𝑠𝐷𝑋𝑖+1 (𝑘, 𝜃 )𝜉 .

By the estimates of Lemmas 4.1-4.7, there exists 𝜈6 > 0 such that

𝐼33 ≤ 𝐶𝑒−𝜈6 (𝑘−𝑖−1)𝛿2.
Combining the estimates of 𝐼1, 𝐼2 and 𝐼3, we conclude that there exists 𝜈 > 0 such
that

𝐼1 + 𝐼2 + 𝐼3 ≤ 𝐶𝑒−𝜈 (𝑘−𝑖−1)𝛿2,
which implies that

𝑘−1∑︁
𝑖=0

𝑚−1∑︁
𝑙=0

(𝐼1 + 𝐼2 + 𝐼3) ≤ 𝐶𝛿
𝑘−1∑︁
𝑖=0

𝑒−𝜈 (𝑘−𝑖−1) = 𝐶𝛿
𝑒𝜈 − 𝑒−𝜈 (𝑘−1)

𝑒𝜈 − 1
≤ 𝐶𝛿.
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Here 𝐶 is independent of 𝑘 and 𝑚𝛿 = 1 is used. The proof is completed. □

Now, the uniform weak convergence of the BE method implies the weak error
between invariant measures.

Theorem 4.9. Let conditions in Theorem 4.8 hold. Then there exists a positive
constant 𝐶 := 𝐶 (∥𝜙 ∥3, 𝜆1, 𝜆2, 𝜆3, 𝑝, 𝑞, 𝐾) independent of 𝛿 such that����∫

ℝ𝑑

𝜙 (𝑥)𝜋 (𝑑𝑥) −
∫
ℝ𝑑

𝜙 (𝑥)𝜋𝛿 (𝑑𝑥)
���� ≤ 𝐶𝛿, ∀ 𝜙 ∈ 𝐶3

𝑏

for any 𝛿 ∈ (0, 𝛿1) with 𝛿1 > 0 sufficiently small.

5. Numerical simulations. In this section, we present three examples to verify
the theoretical results.

Example 1. Consider the following 1-dimensional equation with additive noise{
𝑑𝑋 (𝑡) = (−𝜃1𝑋 (𝑡) + 𝜃2𝑋 ( [𝑡]))𝑑𝑡 + 𝑑𝐵(𝑡)
𝑋 (0) = 𝑥,

(52)

where 𝜃1 > 0 and 𝜃2 ∈ ℝ. If 𝑡 ∈ [𝑘, 𝑘 + 1), 𝑘 ∈ ℕ, then the solution of (52) is

𝑋 (𝑡) = 𝑋 (𝑘)
(
𝑒−𝜃1 (𝑡−𝑘 ) + 𝜃2

𝜃1

(
1 − 𝑒−𝜃1 (𝑡−𝑘 )

))
+

∫ 𝑡

𝑘

𝑒−𝜃1 (𝑡−𝑠 )𝑑𝐵(𝑠). (53)

It can be seen that the solution obeys Gaussian distribution. And the expectation
of the solution is

𝔼𝑋 (𝑡) = 𝑥
(
𝜃2

𝜃1
+

(
1 − 𝜃2

𝜃1

)
𝑒−𝜃1

)𝑘 (
𝜃2

𝜃1
+

(
1 − 𝜃2

𝜃1

)
𝑒−𝜃1 (𝑡−𝑘 )

)
. (54)

Denote 𝜇 : [0, 1) → (−∞,∞) and 𝜎 : [0, 1) → (0, 1] by 𝜇 ({𝑡}) = 𝜃2
𝜃1

+
(
1 − 𝜃2

𝜃1

)
𝑒−𝜃1 {𝑡 }

and 𝜎 ({𝑡}) = 1
2𝜃1

(
1 − 𝑒−2𝜃1 {𝑡 }

)
. Defining 𝜇 (1) := lim𝑡→𝑘− 𝜇 ({𝑡}) and 𝜎 (1) := lim𝑡→𝑘− 𝜎 ({𝑡}),

we have 𝜇 (1) = 𝜃2
𝜃1

+
(
1 − 𝜃2

𝜃1

)
𝑒−𝜃1 and 𝜎 (1) = 1

2𝜃1

(
1 − 𝑒−2𝜃1

)
. Therefore the variance

of the solution is

Var(𝑋 (𝑡)) =
(
1 − 𝜇 (1)2𝑘
1 − 𝜇 (1)2 𝜎 (1)

)
𝜇 ({𝑡})2 + 𝜎 ({𝑡}) . (55)

Especially, the expectation and variance of 𝑋 (𝑡) at the integral time 𝑡 = 𝑘 are,
respectively,

𝔼𝑋 (𝑘) = 𝑥𝜇 (1)𝑘 and Var(𝑋 (𝑘)) = 1 − 𝜇 (1)2𝑘
1 − 𝜇 (1)2 𝜎 (1). (56)

The sufficient and necessary condition under which 𝑋 (𝑘) may admit a stationary
distribution is

|𝜇 (1) | < 1 ⇔ − 1 + 𝑒−𝜃1
1 − 𝑒−𝜃1

𝜃1 < 𝜃2 < 𝜃1.

Firstly, we verify that the solution {𝑋 (𝑡)}𝑡≥0 does not admit a stationary dis-
tribution while the chain {𝑋 (𝑘)}𝑘∈ℕ does. Let the initial value 𝑥 = 0.5. Fig. 1
shows the expectations and variances of both 𝑋 (𝑡) and 𝑋 (𝑘) with three different
parameters which satisfy |𝜇 (1) | < 1. It can be seen that the variances of the solu-
tion {𝑋 (𝑡)}𝑡≥0 are not convergent as 𝑡 tends to infinity, though the expectations of
{𝑋 (𝑡)}𝑡≥0 converge to zero. However, both the expectations and variances of the
chain {𝑋 (𝑘)}𝑘∈ℕ converge as 𝑘 goes to infinity. This means that the chain {𝑋 (𝑘)}𝑘∈ℕ
admits a stationary Gaussian distribution. Comparing Fig. 1 (a) with (b), we
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(c) 𝜃1 = 3, 𝜃2 = −2.5

Figure 1. The expectations and variances of 𝑋 (𝑡) and 𝑋 (𝑘)

observe that the distribution of {𝑋 (𝑘)}𝑘∈ℕ converges more rapidly for larger 𝜃1,
which implies that the convergence rate increases as the dissipativity increases.

Fig. 2 shows the evolution of the expectations and variances of 𝑋 (𝑡) for several
different 𝜃2. We take the parameter 𝜃1 = 3. The pink lines are the expectation
and the variance of 𝑋 (𝑡) with 𝜃2 = 0 (i.e., the expectation and the variance of the
corresponding OU process) in Fig. 2(a)(c) and Fig. 2(b)(d), respectively. We can
observe that the expectation and the variance of 𝑋 (𝑡) with sufficiently small 𝜃2 are
close to that of the corresponding OU process.

Next the weak convergence order of the BE method is tested. In fact, the solution
of (52) can be expressed as

𝑋 (𝑡) = 𝑥𝜇 (1)𝑘𝜇 ({𝑡}) +
𝑘∑︁
𝑖=1

𝜇 ({𝑡})𝜇 (1)𝑖
∫ 𝑖

𝑖−1
𝑒−𝜃1 (𝑖−𝑠 )𝑑𝐵(𝑠) +

∫ 𝑡

𝑘

𝑒−𝜃1 (𝑡−𝑠 )𝑑𝐵(𝑠).

Let 𝑇 = 5. We create 1000 discretized Brownian paths over [0,𝑇 ] with a small step-
size 𝛿 = 2−11 and approximate the stochastic integral in the exact solution above
using the Euler method with this small step-size. We also compute the numerical
solutions of the BE method using 4 different step-sizes 𝛿 = 2−6, 2−7, 2−8, 2−9 on
the same Brownian path at 𝑇 = 5. Moreover, we choose 4 different functions
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Figure 2. The expectations (left column) and variances (right
column) of 𝑋 (𝑡) with different 𝜃2

𝜙 (𝑥) = sin( |𝑥 |2), 𝜙 (𝑥) = cos( |𝑥 |), 𝜙 (𝑥) = arctan( |𝑥 |) and 𝜙 (𝑥) = 𝑒−|𝑥 |
2

as the test
functions for weak convergence. Fig. 3 plots the weak errors |𝔼𝜙 (𝑋 (𝑇 )) − 𝔼𝜙 (𝑌𝑇 ) |
against 𝛿 on a log-log scale, where 𝑋 (𝑇 ) and 𝑌𝑇 denote the exact and numerical
solutions at the endpoint 𝑇 , respectively. The red dashed line represents a reference
line with slope 1. From Fig. 3, it is observed that the BE method is convergent with
weak order 1.

Then we consider the longtime behavior of the Markov chain {𝑌𝑘 }𝑘∈ℕ. Theorem
3.15 shows that 𝔼𝜙 (𝑌 0,𝑥

𝑘
) converges exponentially to the “spatial” average of 𝜙 with

different initial data, i.e., 𝑌𝑘 is strongly mixing, and this implies the ergodicity
of 𝑌𝑘 . In this test, we let 𝜃1 = 3 and 𝜃2 = 1 and choose three test functions (a)

𝜙 (𝑥) = arctan( |𝑥 |), (b) 𝜙 (𝑥) = cos( |𝑥 |) and (c) 𝜙 (𝑥) = sin( |𝑥 |2) to compute 𝔼𝜙 (𝑌 0,𝑥
𝑘

).
Fig. 4 shows the mean value of 𝜙 (𝑌 0,𝑥

𝑘
) with 5 different initial data. As can be seen

from the figure, for each 𝜙 , 𝔼𝜙 (𝑌 0,𝑥
𝑘

) converges exponentially to the spatial average
of 𝜙 with respect to the invariant measure.
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Figure 3. Order of weak convergence of BE method

Example 2. Consider the following 1-dimensional nonlinear SDE with PCAs driven
by multiplicative noise{

𝑑𝑋 (𝑡) = (−𝑋 (𝑡)3 − 10𝑋 (𝑡) + 2𝑋 ( [𝑡]) + 1)𝑑𝑡 + (𝑎𝑋 (𝑡) + 𝑏𝑋 ( [𝑡]))𝑑𝐵(𝑡)
𝑋0 = 𝑥,

(57)

where 𝑥 = 2 and 𝑎, 𝑏 are two parameters. Firstly, we verify the weak convergence
of the BE method on a finite time interval [0,𝑇 ]. Let 𝑇 = 6 and we create 2000
discretized Brownian paths over [0,𝑇 ] with a small step-size 𝛿 = 2−11. Since the exact
solution can not be obtained, we use the numerical solution of the split-step backward
Euler method with 𝛿 = 2−11 as the “exact solution”. We also compute the numerical
solutions of the BE method using 4 different step-sizes 𝛿 = 2−6, 2−7, 2−8, 2−9 on the
same Brownian path. Let 𝑋 (𝑇 ) and 𝑌𝑇 denote the exact and numerical solutions
at the endpoint 𝑇 , respectively. And three sets of 𝑎, 𝑏 are tested. Fig. 5 plots the
weak errors |𝔼𝜙 (𝑋 (𝑇 )) − 𝔼𝜙 (𝑌𝑇 ) | against 𝛿 on a log-log scale with 4 different kinds
of test functions 𝜙 (𝑥) = sin( |𝑥 |2 + 𝜋/2), 𝜙 (𝑥) = cos( |𝑥 |), 𝜙 (𝑥) = arctan( |𝑥 |2) and

𝜙 (𝑥) = 𝑒−|𝑥 |2 . The red dashed line represents a reference line with slope 1. As can
be observed from Fig. 5, the BE method converges in the weak sense with order 1.

Finally the longtime behavior of the Markov chain {𝑌𝑘 }𝑘∈ℕ is considered. In this
simulation, we take 𝑎 = 1 and 𝑏 = 1 for example and choose three test functions (a)
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Figure 4. The evolution of 𝔼𝜙 (𝑌𝑘 ) started from different initial data

𝜙 (𝑥) = arctan( |𝑥 |), (b) 𝜙 (𝑥) = sin( |𝑥 |2) and (c) 𝜙 (𝑥) = 𝑒−|𝑥 |2 . Fig. 8 plots the mean

value of 𝜙 (𝑌 0,𝑥
𝑘

) with 5 different initial data. It is observed that, for each 𝜙 , 𝔼𝜙 (𝑌 0,𝑥
𝑘

)
is exponentially convergent as 𝑘 tends to infinity, which verifies theoretical results.

Example 3. We are also interested in the following SDE with PCAs whose
coefficients do not satisfy the assumptions of our main theorems{

𝑑𝑋 (𝑡) = (−𝑋 (𝑡)3 − 8𝑋 (𝑡) + 𝑎𝑋 ( [𝑡])2)𝑑𝑡 + 𝑏
��𝑋 ( [𝑡])

��1.1𝑑𝐵(𝑡)
𝑋0 = 𝑥 .

(58)

Let 𝑥 = 5, 𝑇 = 5 and the discretized Brownian paths be 1000. Since the exact solution
can not be obtained, we use the numerical solution of the split-step backward Euler
method with 𝛿 = 2−11 as the “exact solution”. We also compute the numerical
solutions of the BE method using 4 different step-sizes 𝛿 = 2−6, 2−7, 2−8, 2−9 on the
same Brownian path. Choosing the test functions 𝜙 (𝑥) = sin( |𝑥 |), 𝜙 (𝑥) = cos( |𝑥 |),
𝜙 (𝑥) = arctan( |𝑥 |2) and 𝜙 (𝑥) = 𝑒−|𝑥 |2 , we plot the weak errors |𝔼𝜙 (𝑋 (𝑇 )) − 𝔼𝜙 (𝑌𝑇 ) |
against 𝛿 on a log-log scale in Fig. 7. It seems that the weak convergence order of
the BE method is slightly smaller than 1. Taking 𝑎 = −1, 𝑏 = −1 and 𝑇 = 20 and
choosing respectively three test functions (a) 𝜙 (𝑥) = arctan( |𝑥 |), (b) 𝜙 (𝑥) = sin( |𝑥 |)
and (c) 𝜙 (𝑥) = 𝑒−|𝑥 |2 , we plot the mean value of 𝜙 (𝑌 0,𝑥

𝑘
) with 5 different initial data
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Figure 5. Order of weak convergence of the BE method

in Fig. 8. We observe that 𝔼𝜙 (𝑌 0,𝑥
𝑘

) converges exponentially as 𝑘 tends to infinity.
These numerical simulations show the coincidence with our theoretical results. We
may say that our theory suits for a broader class of SDEs with PCAs than we
claimed, and the study for the optimal assumptions is left for the future work.
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