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ABSTRACT. For the stochastic differential equation with piecewise continuous
arguments, multiplicative noises and dissipative drift coefficients, we show that
the solution at integer time is a Markov chain and admits a unique invariant
measure. In order to numerically preserve the invariant measure, we apply
the backward Euler method to the equation, and prove that the numerical
solution at integer time is also a Markov chain and possesses a unique numerical
invariant measure. By establishing several a priori estimations, we present the
time-independent weak error analysis for the method via Malliavin calculus,
which implies that the numerical invariant measure converges to the original
one with weak order 1. Numerical experiments verify the theoretical analysis.

1. Introduction. In this paper, we consider the following stochastic differential
equation (SDE) with piecewise continuous arguments (PCAs)

dX () = f(X(1), X([t]))dt + g(X(2), X([t]))dB(t), t>0,

X(0) =x € RY, (L)

where [-] denotes the greatest-integer function, f : R¥xR? — R9, g : R¢xR? — R¥*"
and B(t) is an r-dimensional Brownian motion defined on a filtered complete prob-
ability space (Q, F, {F:}:>0,P). Many phenomena in physics, biology, engineering
and other fields can be modeled by differential equations with PCAs, such as elastic
systems impelled by a Geneva wheel, population model with PCAs, machinery
driven by servo units (see e.g., [7, 20, 23]). In practical circumstances, stochasticity
is common, and thus SDEs with PCAs arise and attract lots of attention; see [12]
for the application in neural networks, [15] for the application in control theory, etc.
In fact, SDEs with PCAs present a hybrid of continuous and discrete dynamical
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systems. Therefore, this type of equations possesses properties of both stochas-
tic differential and difference equations, and exhibits complex and extraordinary
dynamical behavior.

Invariant measure is a key characteristic in describing the long-time dynamical
behavior. To our best knowledge, there is no result on the invariant measures of
both Eq. (1) and numerical approximations. The aim of this paper is to investigate
the invariant measures of a Markov chain based on an exact discrete-time sampling
of Eq. (1) and backward Euler (BE) approximations. We concern with the following
questions.

(I) Does an exact discrete-time sampling of Eq. (1) admit an invariant measure?
If so, is it unique?
(IT) If the previous Markov chain admits a unique invariant measure, does the BE
method reproduce a unique numerical invariant measure?
(III) Does the numerical invariant measure, if it exists, converge to the original one?

For the stochastic functional differential equation (SFDE) with either continuous
or discrete delay arguments, it is well known that the solution is non-Markovian
because of the dependence on the history. However, the segment process of the SFDE
with continuous arguments is proved to be Markovian. And the invariant measure of
the SFDE with continuous arguments has been studied extensively (see, e.g., [2, 24]
and references therein). Different from the equation with continuous arguments, for
Eq. (1) whose arguments are discrete, we prove that the restriction of its solution at
integer time, namely {X(k)}ken, is a time-homogeneous Markov chain. This reveals
the influence of the discrete arguments and reflects the characteristic of difference
dynamics of Eq. (1). By proving the exponential convergence of {X(k)}xen in
mean-square sense and the continuous dependence on the initial value of {X(k)}ren,
we then obtain that the Markov chain {X(k)}ren is exponentially ergodic with a
unique invariant measure 7.

Taking the divergence of explicit Euler method without the linear growth condition
on drift coefficients into consideration, we apply the BE method to discretize Eq.
(1). Denoting Y; the BE approximation of X(k), we show that {Yi}ren is also a time-
homogenous Markov chain. The uniform boundedness of {Yj}ren in mean-square
sense and the continuous dependence on the initial value guarantee the existence
and uniqueness of the numerical invariant measure 7%, § is the step-size of the BE
method. Moreover, the distribution of Y; converges exponentially to 7% as k tends to
infinity, which means that the BE approximation {Y;}ren preserves the exponential
ergodicity of the induced Markov chain {X(k)}xen of Eq. (1). The error between
7 and 79 is estimated via deducing the weak error between X (k) and Yj, which is
required not only to be independent of k but also to decay exponentially.

By deriving several uniform a priori estimations and presenting the weak error
analysis via Malliavin calculus, we show that 7° converges to 7 with order 1 which
coincides with the weak convergence order of the BE method.

This paper is organized as follows. In Section 2, some notations are introduced and
the solution of Eq. (1) at integer time is proved to be a time-homogeneous Markov
chain as well as exponentially ergodic with a unique invariant measure. In Section 3,
we apply the BE method to Eq. (1) and prove that the BE approximation at integer
time preserves the exponential ergodicity with a unique numerical invariant measure.
The time-independent weak error of the solutions together with the error between
invariant measures are given in Section 4. In Section 5, numerical experiments are
presented to verify the theoretical results.
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2. Notation and invariant measure of the solution. To begin with, we intro-
duce some notations. Let (R% (-,-), | - ||) be the d-dimensional real Euclidean space.
Given a matrix A € R its trace norm is defined as ||A|| := Vtrace(ATA). Denote
by Cp(R¥) (resp. By(R%)) the Banach space of all uniformly continuous and bounded
mappings (resp. Borel bounded mappings) ¢ : R? — R endowed with the norm
llpllo = supycpa lo(x)|. For any k € N, CK(RY) is the subspace of Cp(RY) consisting
of all functions with bounded partial derivatives DLg(x) for 1 < i < k and with the
norm ||¢|lx = llello +Zf=1 sup,cpd [[DL(x)||. The notation 22(R9) denotes the family
of all probability measures on (R% %(R?)). For a,b € R, we denote max(a, b) and
min(a, b) by aV b and a A b, respectively. We denote by 1p the indicative function
of a set D.
Now, we make the following assumptions on the drift and diffusion coefficients.

Assumption 2.1. There exist A1, A2, A3 > 0 such that for any x1,y1,x2, y2 € [Rd,

(x1 = x2, f(x1,9) = f(x2,9)) < Ay lx1 — x2]|%, (2)
If (e y1) = Feuy2)lI” < A2 llyr — yall (3)

and
llg(x1,y1) — g(xQ,y2)||2 < Az(llxy = x2||2 +lyr - y2||2). (4)

From Assumption 2.1, for any x,y € R¢, we have

2(x, f(x,9)) =2(x = 0, f(x,y) = f(0,9)) + 2 (x, f(0,y)) 5)
< = (24 = DIIxl® + 222 [yl + 211 £(0,0)|1?

and

llgCx, II* <2 llg(x, y) — g(0,0)[I* +2 [Ig(0, 0> ©)
<223lx1* + 245lyl1* + 2119 (0, 0) II*.

Under Assumption 2.1, Eq. (1) admits a unique global solution {X(t)};»¢ and
the solution is mean-square stable and almost sure stable (see, e.g., [13, 15, 12]). To
demonstrate the dynamics of {X(k)}ren, for any x € R? and B € B(R?), we define

P(x,B) = P{X(1) € BIX(0) =x} and Pi(x,B) = P{X(k) € BIX(0) = x}.

Unless otherwise specified, we write X**(t) in lieu of X(t) to highlight the initial
value X (k) = x. Let us first verify that {X(k)}xen is indeed a Markov chain.

Theorem 2.2. Suppose that Assumption 2.1 hold. Then {X(k)}ken is a time-
homogeneous Markov chain with the transition probability kernel P(x, B).

Proof. We divide this proof into two parts.
(i) Time-homogeneity. For k,k’ € N, if X(k’) = x, then
XK (k+ k)
k+k’ k+k’

=+ [ (), X ([s])ds + /k g(X* (), XK ([s1))dB(s)

k’

k
=x+[ fX**(u+k), X *([u] +k))du
0

k P
+ / 9(XF (w4 k), XK ([u] + K))dB(u),
0
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where B(u) = B(u +k’) — B(k’), u > 0. In addition, if X(0) = x, then

k k
XO%(k) = x + / PO (u), X0 ([u]))du + / 9(X° (), X° ([u]))dB(u).
0 0

Since B(u) and B(u) have the same distribution, by the weak uniqueness of the
solution for Eq. (1), we obtain that X***(k + k') and X**(k) are identical in
distribution. Hence

P{X(k+k") € BIX(K') = x} = P{X (k) € B|X(0) = x}

for any B € B(R?) and x € R?, which means that {X%*(k)}ren is time-homogeneous.

(ii) Markov property. Define ;; = o{B(u) —B(s), s < u < t}UN, where s, > 0
and N denotes the collection of all P-null sets in . The property of Brownian
motion yields that %, is independent of €;,. For k € N, let BX(t) := B(t) — B(k),
t > k. Then B¥(t) is % N G, -measurable. Fix y € R?. Replacing B(t) by B¥(t) in
Eq. (1), we get the unique solution {X*¥(t)};sx, which is adapted to {F N G,k }r>k-
Thus, X*¥(k + k’) is independent of F; for any k, k’ € N.

For any fixed k,k’ € N, define ¥ : R x Q@ — R?, (y,0) — XFY(k + k', 0). We
claim that ¥ is B(R?) ® Gx4p x-measurable. By Itd’s formula, Assumption 2.1 yields

E HXk’Z(t) —x’w(t)“2
“lle -yl +E [ ok (51, x5 151)) = g, x5 [ s
k
+2E fk (352(5) = X59(5), FOXR(5), B2 [51) = FOC (9, X [5]) ) s

4 2
<llz—yll* - (2 — A3 - 1)[E/k Xk (5) = X9 (5)|ds

208 [ pekecish - xboctspas

t 2
S||z—y||2+/1/ sup [E“Xk’z(u)—Xk’y(u) ds,
k

k<u<s

where A :=|21; — A3 — 1| + A2 + A3. By Gronwall’s inequality, we have

2
E k=) - xRuo|| < 200 gz - )2, (7)

which implies that ¥ is continuous in probability with respect to y, i.e., for any ¢ > 0
P {a) eQ: HXk’Z(k +k w) = XEY(k+K, a))“ > E} -0, as z — .

Theorem 3.1 in [8] implies that there is a modification ¥ of ¥ that is B(RY) ® Grsr 4-
measurable. Therefore, ¢(X%(k +k’)) is B(RY) ® G4 x-measurable for any ¢ €
By (R?), where the uniqueness of the solution to Eq. (1) is used, i.e.,
XO%(k+ k) = X0 (k4 k) = B(XOX(K),  as.
Combining the fact that X%*(k) is F-measurable, we have

kX% (k) , — k.y ’ ‘
E|p(x (k+ kI = E [pOx v ea ki |

and

Elp(X(k+ K)IFi] = E [pX* (kK] | = Elp(X(k+ KDIX ()]
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The proof is completed. O

Theorem 2.3. Under Assumption 2.1, if A1 — Ay — 243 — 1 > 0, then the Markov
chain {X(k)}ren admits a unique invariant measure n and there exist two positive
constants C1 := C1(||gll1, A1, A2, A3) and v := v(A1, A2, A3) independent of k and x such
that

l[Ew(XO’*(k»— [ ptom@n| < e 1l Voe®). (9

Proof. (i) Existence of invariant measures. Let a := 21; =243 -1, f := 2(A2+13)
and y := 2(||£(0,0)]|% + ||g(0,0)||?), then a > 0 and g <1lsince Ay —A3—243—-1=
%(a -p—-1)>0. Let {B(t)}+>0 be another Brownian motion defined on (Q, %, P),
independent of {B(t)};>0, and define

B(1) = B(t), t >0,
|B(-t), t<0

with the filtration %; := ¢{B(s),s < t}, t € R. For any k € N and x € R?, we consider
the following equation

{dX(t) = f(X (@), X([t))dt + g(X (1), X([¢])dB(t), t> -k,

X(-k) =x. ©)

It can be verified that (9) admits a unique solution under Assumption 2.1. In what
follows, we show the existence of invariant measure through three steps.

Step 1. A priori estimate
For any k € N and ¢ > —k, applying Ito’s formula to e®||X~%*(¢)||2, (5)-(6) lead

to
e EIX T (1))
t
=e"MEIX S ([e])]” + oE / e [IX7R(s) |2 ds
(2]
£ [ e (2 (X E O 9.X B[+l 9. X (D)) s
[z]
< (et 2 feer el e X (e eet).
Hence

EIX* ()] < (é + (1 - é) e-““}) EIX (DI + L (1-e7), (10)
a a o
where {t} = t - [t] € [0,1). Define r : [0,1) — (0,1] by r({t}) = £ + (1 - g) e~ lt),
Since lim,_,z-{t} = 1 for any k € N, we extend the domain of r to [0, 1] and define
r(1) :==lim, g r({t}) = §+ (1 - g) e *. Let F= g. Then Fatou’s lemma leads to

EIIX 5> (k)||? =E lim [|X~*(t)]|
t—k-

< lim E[IX7**(0)|1* < r(D)EIX (k- 1)||> + F,
t—k-
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which implies
EIX ()11 <r((thr(WENX 5 ([6] = DI® + r({t})F + F
< ...

1—r(1)ltlk

([tJ C) IOgr(l) 2
g‘ ty)e X

r({t})F +F

F+F.

1
< (t+k) logr(1l) 2 +
*rn° I+ =

Since logr(1) < 0, there exists a positive constant C independent of k and t such
that

1 1
sup EI X **(0)||? < —|Ix||? + ———F + F < C(1 + ||x]|?). 11
keN r(1) 1-r(1) (1)
Step 2. For any ki, ks € N, —k; < —ky <t < 00, let Z(t) = X K% () = X %2 (1), then

t
2(0) =z(-ko)+ [ PO X (Us) — F ), xR (L) ) ds

t
v f g xR ) = g X (), X (1)) ) dBGs).
Similar to Step 1, applying It6’s formula to e* E||Z(t)||?, Assumption 2.1 leads to
ENZOI* < rn({EHENZ([DII?,

where the function ry is defined similarly to r in step 1 with r;({t}) = 2/{12’_3);3_1 +
(1— %)e‘(z’h‘%‘l)“} for {t} € [0,1) and ri(1) := lime r({t}), k € N.
Then

we derive

[E||Z(t)||2 < 1 e(t+k2)logr1(1)lE ||X_k1’x(—k2) _ x”2
r1(1)

Sce(l‘+k2)10gr1(l) (1 + ||x||2) )

In particular,
2
E HX—kl,X(O) _X—kz,X(O)” < Cek2 logri (1) (1 + ”x”2) i

which implies that {X%*(0)}ren is a Cauchy sequence in L?(Q, F, P; R¢). Therefore,
there exists n* € L?(Q, %, P; R%) such that

2
lim [EHX"""(O) | =o. (12)

k—+o0

Moreover, following the similar procedure, we obtain

2 1
E[x7(0) - x v < ek oEn D -y (13)
ri(1)

Combining (12) and (13), we get

Ell7* = n¥II”
2
=E ||[n* = X7**(0) + X7**(0) - X 7%¥(0) + X *¥(0) - r7yH
2 2 2
<3 lim [E( 7 =X+ xR 0) - xFe )+ ko) - g )

=0.
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This means that n* is independent of the initial value x, which is thus denoted by 7.
Furthermore,

2 2
[E“x—kﬂ(())—,,” = lim [EHX"‘2’X(())—X"‘1’X(O)H < Cek2logn () (14x)12)

1 —+00

which indicates that X~%*(0) converges to 5 in distribution as k — co. Since
X~kx(0) and X% (k) possess the same distribution, by the definition of convergence
in distribution, the transition probabilities Pi(x, ) = P{X (k) € -|X(0) = x} weakly
converges to P on~!(-) as k — oo.

Step 3. Denoting by 7 := Poy~! the probability measure induced by 7, we claim that
7 is an invariant measure. In fact, for any B € B(R%), the Chapman-Kolmogorov
equation leads to

7(8)= [ 1y = Jim [ 16(0)Pesxd)

= lim /IR;d /Rd 15(y)P(z, dy)Pr(x, dz)

k—+00

= lim P(z, B)P(x,dz) =/ P(z, B)n(dz).
d R4

k—+00 JR

(ii) Uniqueness of the invariant measure. Since Pi(x, ) weakly converges to
7 as k — oo, for any B € B(R?), x € R? and k € N, we get

x(B) = /R Lp(y)n(dy) = lim /R Ls()Pi(xdy) = Tim Pi(x,B)

Assume that 7 € Z(R?) is another invariant measure of {X(k)}ren, then for any
B e B(R? and k € N,

7(B) = / Py (x, B)(dx).
R4
Letting k — oo, we obtain
#(B) = lim / Pi(x, B)(dx) = n(B),
k- Jrd

which implies that & is the unique invariant measure of {X(k)}ren-
(iii) For any ¢ € C}(R?), (2) and 7 =P o' lead to
<E|p(X**(k)) = @(m)] < llollx - E X (k) - ]|

<Cre™ " (1+|lx])),

‘[Ew(XO’X(k»— / 0 () 7(dx)
[Rd

llell

where Cy =
ri(1)

and v = —% logr1(1). The proof is completed. O
Remark 1. Condition (2) implies the contractive property of f, however, it can be
weaken in certain sense. If we impose a mild assumption, i.e., there exist A > A3 > 0
such that

2(x, f(xy)) + lgCey)II” < ~Aallxl* + A2 lyl®, ¥ x,y € RY,

then {X(k)}ren still admits an invariant measure. To ensure the uniqueness of the
invariant measure, we need some additional restriction on diffusion coefficients, such
as ellipticity, i.e.,

9(xyg(xy) T >0, xyeR
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And
(x1 = x2, f(x1,y1) = f(x2,y2)) < M(|lx1 = x2]1? + ly1 — y2ll®), ¥V x1,y1, %2, y2 € RY,

lg(x I < M(L+Ix]1* +lyl1%), ¥ xyeR%

for some M > 0. By the asymptotic coupling method and the Girsanov transformation
used in [21], the Markov chain {X(k)}ren can be proved to be strong Feller and
irreducible. Thus {X(k)}ren admits a unique invariant measure.

Besides a priori estimate in Theorem 2.3, we also present the uniform boundedness
of X(#) in 2p-th (p = 1) moment, which is crucial to estimate the time-independent
weak error of the numerical method. Throughout this paper, we use C to denote a
generic constant, which may be different from line to line.

Lemma 2.4. Let Assumption 2.1 hold and p > 1. If Ay — A3 —2A3 — 1> 4A3(p — 1),
then there exists a positive constant C := C(A1, A2, A3, p) independent of t such that

EIX()II7 < C(1+ [lx[1*). (14)
Proof. Theorem 2.3 (i) implies that the assertion (14) holds for the case p = 1. Thus,
it suffices to consider the case p > 1, which is proved by the induction.

We assume that there exists C > 0 independent of ¢ such that (14) holds for all
p’ =1,2,---,p—1, then we show E||X(t)||?? < C(1+ ||x||*?). Applying It6’s formula
to E||X(1)]|??, (5) and (6) lead to

t
EIX ()17 <llx)|* + QP[E/ IX()IPP72(X (), f(X(5), X ([s])))ds
0
t

+p(2p - 1)[E/0 IX()I*2lg(X (), X ([s])]I*ds

t
<xl? = p(241 - 225 - 1 = 4As(p — 1))E / IX()I*Pds— (15)
0
t

+2p (A2 +A3(2p - 1)) [E/O IX($)IPP~2IX ([sDII>ds
t

+2p (IlF(0,0)[1 + (2p — Dlg(0, 0)|1%) [E/O IX (s)11%~2ds.

Using Young’s inequality and the assumption E||X(¢)||?®~D < C(1 + ||x]|2?~V)), we
obtain

t
EIX()1% <X - a1 (p) /O EIIX(5)|%7ds
t
*/ () A+ IKI2™) + L PIEIX (D) ds,
0

where (ll(p) = 2).11) - 2/12]) + 2/12 -p- 2&3(2}7 - 1)2, ﬂl(p) = 2).2 + 2/13(2]) - 1) and
vi(p) =2p (£ (0,01 + (2p = DIlg(0,0)[1?) C. In addition,

t
EIX ()% <[lx]|* —al(P)/ ElIX (s)[*Pds
0

t
+/ (h(p)(l +IxI2%7V) + Bi(p) sup [E||X(r)||2p) ds.
0 0<r<s
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According to [11, Lemma 8.1], we have

sup E[IX (s)]|*

0<s<t

t
<llx||%+ /0 e~ (P)(1=5) (h(p)(1+||x||2("‘1))+ﬂ1(p) sup ENX(r)|1% | ds.
<r<s

Due to 2141 — 245 — 443 — 1 > 8A3(p — 1), it can be verified that a1 (p) > f1(p) > O.
Thus, [11, Lemma 8.2] leads to

yi(p)(L+[Ix[I®~) + o (p) 1]

ENX ()% < < C(1+[1x[1?P),
ai(p) = Pi(p)
where C := %. The proof is completed. O

Remark 2. The inequality A; — A2 — 243 > 4p(A3 — 1) is a sufficient condition which
ensures the uniform boundedness of the 2pth moments of the exact solution. For
some p that violates this inequality, the uniform boundedness of the 2pth moments
of the exact solution may also hold.

Remark 3. If the equation is driven by additive noise, i.e. g(x,y) = G which is
a constant matrix, the condition under which the 2p-th moment estimate (14) in
Lemma 2.4 holds is changed to be A — A5 =243 -1 > 0.

3. Invariant measure of backward Euler method. Numerical methods for the
SDE with PCAs are widely studied. For example, [17] studies the convergence and
stability of the Euler—-Maruyama method for the equation with globally Lipschitz and
linearly growing coefficients. For the non-globally Lipschitz case, the convergence
and stability of some implicit numerical methods such as split-step 6 method, one-leg
6 method are studied in [13, 14, 25] and references therein. Here, we apply the BE
method to numerically solve Eq. (1), and investigate whether the BE approximations
at integer time reproduce a unique numerical invariant measure. For numerical
approximations of invariant measures, there are fruitful results on that for the SDE
and the stochastic partial differential equation, such as [4, 5, 9, 1, 10].

Let § = % be the given step-size with integer m > 1. Grid points t, are defined as
tn =nd, n=0,1,--- . The backward Euler (BE) method for (1) is given by

Xni1 = Xn + 0f (X1, X[n51m) + 9(Xn, X{ns]m) ABp,

where Xo = x, AB, = B(tps1) — B(tn), Xn (resp. X[ns)m) is the approximation to
X(t,) (resp. X([t,])). Since, for arbitrary n = 0,1,2,---, there exist k € N and
1=0,1,2,--- ,m— 1 such that n = km + [, the BE method can be written as

Xiemats1 = Xiemat + Of Kiemate1, Xiem) + 9 (Xt Xiem) ABgma1. (16)

Under the condition (2), the BE method admits a unique solution {Xjm4; : I =
0,1,---,m—1,k € N} for all step-sizes. Rewrite (16) as

Xiemt1 = 8f Ximst1, Xem) = Ximst + 9(Xkmsts Xiem) ABimai- (17)

For any a € R? and § € (0, 1), define the mapping G : R? —» RY, x - x — §f(x, a).

Then G admits its inverse function G™ : RY — R? based on [19, Theorem 6.4.4].
Moreover, the numerical solution Xy,,.;4+1 satisfies

Xiemete1 = G~ (Xiemet + 9(Xmets Xiem) ABrme1) (18)

forallkeNand[=0,1,2,--- ,m— 1.
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In order to investigate whether the BE method inherits the Markov property and
admits a unique numerical invariant measure, we denote by Yi := Xi,, the solution
of BE method at t = k, k € N and define

P%(x,B) = P{Y(1) € BIY(0) =x} and P?(x,B) =P{Y(k) € B|Y(0) = x},

where x € R? and B € B(R%). Similar to X%*(k), we write Y]?’x in lieu of Y, to
highlight the initial value Yy = x. Now, let us proceed to show the Markov property
of {Yi}ken-

Theorem 3.1. Assume that Assumption 2.1 hold. Then {Y}ren 1S a time-homoge-
neous Markov chain with the transition probability P®(x, B).

Proof. (i) Time-homogeneity. For k € N, if Y = x, i.e., X, = x, then from (18),
it follows
XEmx = G (x + g(x, x) ABj).

km+1 —
Define the mapping G; : R x R™ — R%, (y,z) = G~ !(y + g(y,x)z), then X]I:;lnfl =
G1(x, ABgp). In addition, if Yy = Xy = x, then

X = G (x + g(x,x)ABp) = Gy (x, ABy).
Since ABg,, and AB are identical in distribution, X*™* and Xf’x possess the same

km+1
distribution.
Again, by (18), we have

kmx _ -1 km, km,
Xkr’::; =G (Xk:n"+351 + g(xkrfnn+351’ X)ABkm+1)
=G (G1(x, ABim)) + g(G1(x, AByyn), X) ABis1)
and
Xo* =GHX* + g(X)™, x)ABy) = G™H(Gi (x, ABy)) + g(Gi (x, ABy), x)ABy).
Therefore, there exists a function Gy : RY x R™ x R™ — R4 such that

XEmX — Gy (x, ABim, ABims1)

km+2
and
Xg’x =Gy (x, ABqy, ABl).

Since (ABgm, ABkms1) and (ABg, ABy) have the same distribution, X:Z:; and Xg’x
are identical in distribution.
By the same procedure as above, there exists a function G,, such that

Y]f_ﬁ = X(k/ﬁ’f)m =Gnm (x; ABgp, ABgmst, -0 s ABkm+m—1) (19)

and
Y2* = X% = Gy (x, ABo, ABy, -+ -, ABppy).

Since (ABgm, ABgm+1s+* s ABrmim—-1) and (ABg, ABq,- -+, AB,,—1) have the same dis-
tribution, Y]f:i and Ylo’x are also identical in distribution. Hence

P{Yk+1 S B|Yk = x} = P{Yl (S B|YQ = x}
for any B € B(R?). Further, for any k,k’ € N, we have
P{Yk+r € B|Yx = x} = P{Yx € B|Yo = x},

which implies the time-homogeneous property.
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(ii) Markov property. By the uniqueness of the numerical solution of (16), we
have

0,x 0,x
0,x _ v0,x _ km,Xk;n _ k,Yk’
Yk+1 - X(k+1)m - X(k+1)m - Yk+1 ’

For k € N, define Gxy1 4 := 0{ABimss,1 = 0,1,2,--- ,m—1}. Then 6,14 is independent
of . From (19), for fixed y € R?, we know that Y:j is €41 k-measurable, and thus
is independent of F¢. Using similar techniques as Step 2 in Theorem 2.2, we obtain
that Y]fjr'l is B(R?) ® €y,1 x-measurable. Since Y]?’x is Fr-measurable,

E lp (o)l =E [0S 1)1%] = E [o(ED]| | = Eloe)IXid,

a.s.

which is the required Markov property. Further, the same procedure yields
E [@(Yierr ) [Fe] = E [@(Yiewr ) Yie] -
The proof is completed. O

Remark 4. Though SDEs with PCAs are a special class of equations with delay,
the hybrid characteristic of discrete and continuous dynamic systems shows some
difference in the analysis of the properties of exact solutions and numerical methods
with the stochastic delay differential equation.

Taking the Markov property for instance, we directly analyze this property of
the numerical solution {Yi}xen for the SDE with PCAs, while it is considered for
the corresponding segment process of the continuous formulation of the numerical
solution for the stochastic delay differential equation. Moreover, compared with
the stochastic delay differential equation, numerical methods are generally required
some additional algebraic stability when solving the SDE with PCAs.

Before we present the existence and uniqueness of the invariant measure of
{Yi }ken, we prepare several lemmas, including the mean-square boundedness and
the dependence on initial data of the numerical solution.

Lemma 3.2. For a nonnegative sequence Zgm+i+1, if there exist « > >0, y >0
such that 1 —ad > 0 and

Zimis1 < (1= a8) Zimat + B6Zkm +y$ (20)
forkeN, 1=0,1,---,m—1, then

Ziemals1 < (é + (1 - ﬁ) e—“<l+1>5) Zim+ L. (21)
[04 (04 04

Proof. From 1 — a8 > 0 and (20), it follows

Zemarnr <(1— a8)*1 Zy + 2 (1 —(1- a5)l+1) Zim + & (1 —(1- a5)’+1)
a a
:(é+(1—é)(1—a5)l”)zkm+x (1—(1—a6)’+1) (22)
a a a
< (é + (1 - é) e“<l+1>5) Zim+ L,
a a a
where in the last step we use 1 — g > (0. This completes the proof. O

Lemma 3.3. Let conditions in Lemma 2./ hold. Then there exists a positive constant

C := C(A1, Ag, A3, p) independent of 8, k and | such that
EllXims11 1% < C(1+ [|x]1%?) (23)
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forkeN, 1=0,1,---,m—1 and § € (0,5y) with & being sufficiently small.
Proof. Case 1. If p = 1, then taking the inner product of (16) with Xgp4i41, we get

||ka+l+1”2 - ”ka+l”2 + ||ka+l+1 - ka+l||2

=20 (Xkmi+1s f Xema141, Xikm)) + 2 (Ximat1> 9 (Xemat, Xiem) ABma1) - 29
From (5) and (6), it follows
E [ Xkmsr111>
<E | Xpmtll? + OE g (Xeemert Xem) 1> + 26E (Xemetats fF Kemtts Xem)) (25)
<(L+ 2238)E | Ximat I = 8241 = DE [ Xpomeso I
+28(A2 + A3)E [ Xemll® +25(11£(0,0)]1 + 119(0, 0)[1%).
E [ Xemetet 1> <(1 = a28)E [[Xematll* + B2SE | XpmI* + y2. (26)

Since Ay — A2 =243 —1 > 0, we have 0 < a36 < 1 and g—z < 1 for any 6§ € (0,1). By
Lemma 3.2, (26) yields

HWW%MFSG§+@—E%€“mhﬁEH&MF+E
a9 ag a9 (27)
2. Y2
=: r(DE || Xiem|I” + =
a2

Here 0 < ro(l) <1for1=0,1,2,--- ,m—1. If | =m —1, then
2
E[Xernyml” < ratm = DE X + 22

-1 211 -243-1\ —1
Let Fy ::(ﬂ—2+(1—%)e—<2*1—%-1>) Fs :=(1—§—§—(1—%)e‘71m13 ) . Then

az

2
E N Xamet1 I <ra (D) (r2(m = 1)* [Ix]|* + ();/:_2

+ 2y ) (L4 ra(m =1 4+ (r2m = 1))
a2

1 2 - -1
< plkm+L+ )8 logra(m=1)|| 12 | Y2 2-ro(m-1) (28)
ro(m—1) as l—-ro(m—-1)

<A lx?+ 2 (1+F)
az

g@+ﬂuuﬂuﬂmm
g

where we use § € (0,1) and 0 < ro(l) <1 forl=0,1,2,---,m—1.

Case 2. For p > 1, we show the assertion (23) by induction. Since 4y —A2—-2435—1 > 0,
Case 1 implies that E|[Xgmes1]??” < C(1 + ||x]|?) holds with p’ = 1. Multiplying (24)
by || Ximszs1ll? and taking expectation yield LHS = RHS, where

LHS

=E | Xemets1 1" = E 1 Xemsren 12 1 Xematl* + E N Xemarsr 1 1 Xemetrer = Xematll?
1 2
=§[E (||ka+z+1||4 ~ Xkt + (1 Xemerst 1 = 1 Xaemat 1) )

2 2
+ E N Xkmaie1 |7 [ Xemare1 — Xiemai |l
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and

RHS =20F || Ximeta1 I Kimatrs £ Kimat1 Xiem) )
+ 2 | Xmetat I Xemstr 9 (Kimats Xiem) ABiemat)
=28E || Xiemeta1 11> Kiemertats £ Kiemair1, Xiem))
+ 2 || Xmetat I Xemster = Xemets §Kiemts Xiem) ABiemat)

+ 2F [ Xemer1 1Z Kaemsts 9 Xiemsts Xem) ABrma1)
=R +Ry + R3.

For term Ry, by (5) and 2ab < a® + b?, we have
Ry < = (241 = 1) OF | Xemera [ + 2228F | Ximstan I [ Xiemst |

+ [1£ (0, 0) 128 [|Ximats1 12
< = (241 = 1 = Ag) 8 || Xpmars1 || +A20E (| Xiemar I*
+2|1£(0, 0) 1 SE || Xt I -

For terms Ry and R3, according to (6) and 2ab < ea® + %bQ, € > 0, we obtain

Ry <E|Ximars1 12 I Xemetr = Xiemet 12 + EN Xt 12 19 Xmerts Xiem) ABiemat ||
+E (IXems1+11I? = IXems112) 19Xt Xicm) ABmat ||

<EWXemsie 21 Ximate1 = Xiomst I + TE (Ximrtst 2 = Xt )

+ éE||9(ka+l:ka)ABkm+l”4 + El| Xiemat I 19 (Xemet Xiem) ABimat ||
<ENXpmarsr 12 (1 Xemete1 — Xiemat || + %[E (I Xkmete1 11 = ||ka+l||2)2

+ %52[E(2/13||ka+1||2 + 22| Xiem 1> + 2119(0,0)[1*)*

+ 2230 | Xt I + 2238 Xt |1 1 X 1> + 21190, 0) 1> SE| Xt |1

2 9 €1 2 2,2
:[E||ka+l+1|| ||ka+l+1 _ka+l|| + Z[E (||ka+l+1|| - ||ka+l|| )

247252 247252 1257

+( . +3/135)[E||ka+l||4+( - +A36)[E||ka||4+ - llg©.011*
241367

+ =19 (0, O IPE WXkt I + 1 Xim %) + 21190, 0) 1 5E | X

€1

and

Ry =2E (| Xpemeta1 1* = 1Ko 117) Kiemts 9Xsemerts Xiem) Y ABremat

1
<eE(|| Ximetrt I = [ Xemat %) + 6—[E((ka+l,g(ka+z,ka))ABkm+l)2
2

336

—El| Xkmall*
€

<E(IXkmetet I = 1 Xiemal*)* +

2|19(0,0)|*6
€2

A3d
+ E[EIIkall"‘ + EllXms1%.

Substituting Ry, Ry and R3 into RHS, we get
RHS < — (241 = 1 = A2)SE (| Xpematat II* + EllXiemertet 11 1 Xem1 — Xt I?



778 CHUCHU CHEN, JIALIN HONG AND YULAN LU

€ 2
+ (T + ) E (WKimsta 12 = 1 Xemat]1) (20)
242252 3136
+( 3 +3M5+b5+-iL)Hm5Hm4
€1 €2
2436 138 4
s /135+— EllXimll* +CE(1+ [1x]|°),
where E||Xgmsrill? < C(L+|Ix|1?), k € N, I = 0,1,---,m — 1 are used and C is
) . X 2(22, -1- /12)—4“ 2 _21,-625- 23
independent of §, k and [. Let 2+ 5 = 5, a3 = 5T, S T=75)5 2 and
48/1 ) 22 +
Y

B3 = m Recall that LHS = RHS,

(1+2(241 = 1 = ) O)E | Xemra |I*

481252 13O
< (1 + 3”4 6130 + 6—3 + 2156 ) [E||ka+l||4
€1
481252 23 5
. ( S0 iy 2 ) Ell X + CS(1 + [1x]12)

which implies
EllXimers1 | <(1 = as8)El Xemall* + BaSE | Xiem I * + CS(1 + [|x]I%).

Up to now, it suffices to show that
2(2&1——1——212——413)—-mﬁ S _ 84

€2
1+ 2(2&1 -1- /12)5
Since 1+2(24; —1—215)6 > 0, we just need

> 0.

a3 — f3 =

48/135 N 423
€1 €2 '
Note that the condition 13 — 1 — A3 — 243 > 4(p — 1)A3 equals to 2/11 —1-215 413 >

2/11—1—2).2—4/13>

8(p—DAs+1,and 8(p —1)A3+1 > 813+ 1. We choose € = 16/1 2+, then
42 1
2Ry + =,
€9 2

and there exists 6’ > 0 such that

48225 1 ,
< -, vV §e(0,8),
€1 2
which leads to
813 kg
— <8/13+]. <2)L1—1—2/12—4/13,
€1 €2

i.e., ag — B3 > 0. Therefore, there exists C > 0 independent of §, k and I such that
EllXemealI* < CCL+[|x]|*)
for all k e Nand [ =0,1,--- ,m — 1. This implies that E|[Ximez1[12? < C(1 + ||x]|%?)
holds with p’ =2
By repeating the same procedure as the case p’ = 2, there exist §o > 0 and C > 0

independent of &, k and I such that E||Xime1]|?? < C(1+ ||x||??") for p’ = 3,4,-- , p,
which completes the proof. O
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Corollary 1. Under Assumption 2.1, if Ay —Aa—213—1 > 0, then, for any é € (0,1),
there exists a constant Cy > 0 independent of & and k such that {Y]?’x}keN satisfies

2
sup E[[Y*[” < Co(1 + [1x]1%). (30)
keN
A1 —As— Ap+A -
Denote ay = %7 ﬂ4 = 1+(22/1t_31)5 and r3(l) = 'g—i + (1 — g—i)e a4(l+1)5’

=012 ,m-1. By &1 =y —2A3—1> 0, we get 0 < asd < 1, £+ < 1 and thus
0<r3(l) <lforl=0,1,2,---,m—1and § € (0,1). In what follows, we show the
continuous dependence on initial data of {Yi}ren-

Lemma 3.4. Let Assumption 2.1 hold. If Ay — Ay — 23— 1 > 0, then, for any
8 € (0,1) and any two initial values x,y € R? with x # y, the solutions generated by
the BE method satisfy

2 1

< (k+1)logrs(m-1) _ 2. 1
< I =l (31)

0x _ 0y
[EHYk+1 Yk+1

Proof. For any initial data x,y € R¢, Assumption 2.1 leads to

0,x 0,y 2
E ”ka+l+1 - ka+l+1
2 2
_ 0x _ 0y _ 82 0,x 0,xy _ 0,y 0,y
=k ||ka+l ka+l o°E Hf(ka+l+1’ka) f(ka+l+1’ ka)H
0,x _ 0y 0,x 0,xy _ 0.y 0.y
+20E <ka+z+1 Xemtrr f Kiepmatar Xiem) = f (ka+l+1’ka)>

2
+E (00 X0) - 900, X0 ) B

km+1° m km+I° km)

s(1+135)[E|)x0’x X 2+(Aa+/13)5[EHXfﬁ ‘XS?EHQ

km+l — “km+l

2
— (24, = 1)SE on’x _x0v

km+l+1 km+1+1

Therefore

E ||X0”‘ x0U

km+l+1 ~ km+l+1

2 2
<(1 - asd)E on’x —x% " 4 g6 Hx,?;jg - X,S;g”

km+l km+l ( )
32
2
< (ﬁ—“ + (1 - é) (1- a45)l+1) E Hx,‘}x -x}j’yH
2
0,
<ra(DE|p - x|
Ifl=m-1, then
Ellxox x|« DE [x0 - x0|*
(k+D)m ~ Mk+Dml|| = r3(m—1) km ~ Ckm|
Therefore, (32) yields
2 2
0, 0,y 0, 0,y
E ||Xkr:+l+1 = Ximera|| <r3(DE “Xk,ﬁ _ka”
1 (33)

< e(km+l+1)510gr3(m71)”x_y||2
rs(m—1)
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and
0,x O y _
E HYk+1 k+1 [E”X(k+1)m (k+1)m“ (34)
1
< e(k+1)logr3(m—1)||x_y”2.
rs(m—1)
The proof is completed. O

Now, we are in a position to show the existence and uniqueness of the BE method’s
invariant measure.

Theorem 3.5. Under the assumption of Theorem 2.3, for any § € (0,1), the Markov
chain {Y,?’x}keN admits a unique invariant measure ©° and there exist two positive
constants Cs := Cs(||@ll1, A1, A2, A3) and ¥ := ¥(A1, A9, A3) independent of x, § and k
such that

< C3(L+IxlDe™™, V¢ € C(RY). (35)

Eo(10) - [ o0’

Proof. According to the Chebyshev’s inequality and (30), it follows that the transition
probability measure {P,‘j(x, ) }ken is tight. Define

K 1
p1o(B) = Zpa(xB) V Be B(RY), K €N,

then ,uI‘S((-) e Z(R%) for any K € N and {IJK(')}KzO is tight. By the Prokhorov
theorem [6], {/115<(‘)}K6N is weakly relatively compact, i.e., there exists 7° € 2(R?)
such that the subsequence {”156- }k;en is weakly convergent to 7% as K; — co. Now, we
prove that 7% is an invariant measure. Indeed, for any ¢ € By(R?), k € N, we have

[, oty
R4
1 Ki—l
= li P, ¢ (dy) = lim — / P%o(y)Po(x,d
L o0 W, (dy) = lim -~ ; y 1o ¢ (Y) Py (x, dy)
1 K;-1 1 Ki+k’ -1
o _ 5 0,
—Iélinoo_i E oY) _Iélinoofi Z Elo(™)]
k=0 k=k’
1 —1 Ki+k' -1 k-1
. 0, 0, 0,
=dim | 2 EleM]+ 3 Eley] - ) Ele(y ")J)
k=0 k=K; k=0
1 8=
= lim — » E[p(Y")] =/ o(y)r° (dy),
Kimeo Ki 130 R4

where P,f,qo(y) =E [qo(YO,’y)]. Below, we show the uniqueness of the invariant measure.

For any x, y € R? and ¢ € C}, (34) leads to

Z / PP (x.d2) — Z / 0(2)PY (. d2)
Il( 2 E[o(Y,)] - % 2 E [@(Y,f’y)]
k=0 k=0

hm

= lim
K—oo




SDEPCA: MARKOV PROPERTY, INVARIANT MEASURE, NUMERICAL APPROXIMATION 781

K-1

. Nlelh 0,x 0,y
< Jim S 2 E[r -

K-1
cleul o Bl Y e

Crs(m—1) K- K &
_ -yl el - exp(f logr(m — 1))

T Jra(m—1) ko= K 1—rs(m—1)

=0,

which means that 79 is independent of the initial value x. In addition, if 7% € 2 (R%)
is another invariant measure of {Y,?’x}keN, then

K;-1

#9(dz) = 50 ()70 (dz) = - 5(2) 70
Lo@rn= [ Ho@a = 3% [ o
e 5 s

- / ()7 (dy).
Rd

1

Therefore, 7% = 7%, which means that 7° is the unique invariant measure for

{Y;?’x}keN-
Moreover, for any x € R? and ¢ € C;(RY), Lemma 3.4 yields

o) - [ o) = ot - [ Bttty

_ 0.y 8 _ 0.9y 18
_‘ [ Eotpa @ - [ Epr)a’

0,
<loll [ EfJre= -3 2w

1 ) _
< ?lo8rs(m-1) / llx = yll 7 (dy) < C(1+ [Ix[e”",
\rs(m—1) R
where v = —% log rg(m — 1). We complete the proof. O

4. Approximation of invariant measure. In this section, we aim to estimate
the error between invariant measures 7 and 79, i.e.,

_ 25
[ tomtan - [ stonan

Unless otherwise specified, we assume that B(t) is a 1-dimensional Brownian motion
for simplicity throughout this section. According to the uniqueness of the invariant
measures 7 and 7%, we know that both the Markov chains {X(k)}ren and {Yi}ren
are ergodic, that is

lK_l 1K—l
i 7 D EGOX(A) = /R P (dx) and Jim - 3L EG(1) = /R P’ (d).
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Therefore,
1 K-1 K-1
' /R P (dx) - /R B0’ (dx)| = | lim ;) E¢(X(K)) - ; Eg(Ye)
1 K-1
< Jm, e 2L IE90X() ~ GO,

From the inequality above, it is observed that the error between 7 and 7% can
be estimated by the weak error of the BE method. So, we contribute on the
time-independent weak convergence analysis of the BE method and then give the
approximation between 7 and 7°.

4.1. A priori estimates. Suppose that the Fréchet partial derivatives of f and g
exist, then the definition of Fréchet derivatives and Assumption 2.1 yield

2
f

ng_x(x’ y),f < _A1||§||25 Z_y(x, y)§ < ).2”@"”2, ' § IS Rd (36)

and
2

\

2
< AsllEl?, ¥ Ee R (37)

|2 V| L

Denote @ and D by the Malliavin differentiation operator and the Fréchet dif-
ferentiation operator, respectively. We get the uniform estimation of the Fréchet
derivative of X®7(t) as follows.

Lemma 4.1. Assume that the Fréchet derivatives of f and g exist and the conditions
in Lemma 2.4 are satisfied. Then, for fived i € N, there exist two positive constants

C := C(A1, A2, A3, p) and vy = v1 (A1, Ao, A3, p) independent of t such that
E[[DX™ ()¢ < ce D) g1?P, 1>, (38)
where € € R and n € L7 (Q,R%; ;).
Proof. For any & € R?, we have
DX™(1)§ = DX ([t])§

+ /[; (Z_ch(Xi,U(S),X’?’I([t]))DXi’”(S)§+ Z_j;(x"’”@lx""’([f]))DXi’"(m)f) “

[ (2009, X0 DX S)E + 20076 X)X 1))
[t] X ay

Denote H(t) := DX (t)£. For any a > 0, applying Itd’s formula to e2*P* |[H(t)||??,
we obtain

P ||H(1)]|*P
t
Sezap[t][EIIH([t])II2”+20¢P[E/ e ||H(s)|* ds

[¢]
of

+2pE /[t; P || H(s)||#~Y) <H(S), a—x(Xi’”(S),Xi’”([t]))H(S)> ds

+2pr/t e2ePs || H(s) 2P~ Y) <H(s), a—f(Xi”’(s),X"’”([t]))H([t])>ds
[¢] %Yy
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2

+2p(2p — DE / et (s 20 29 (x1(5), X ([E)H(s) | ds

(1]

t 2
+2p(2p — 1)[E/ e24Ps | H(s)||>P~ 1) ds.

[£]

Z_g(xw(s),xiﬂ([t]»H([t])
Y

Taking 2asp = 2A1p — 2A3(2p — 1)2 —p — Ao(p — 1) and Bs = Ay + 2A3(2p — 1), then
205p > Psp since Ay — g — 243 — 1 > 443(p — 1). From (36) and Young’s inequality, it
follows that

P | H (1)1 %

t
<e?@PUIE | H([))1?P + (2a5 — 2A1 +245(2p — 1) + 1)p[E/H e2%Ps ||H(s)||* ds
t

t
+(Aap +2A3p(2p — 1) E / e2PS || H ()| 2P~V | H([¢])]1* ds
[]

t
<2 PUIE ||H([1])||% + fspE / 250 || H([£])|1*? ds

(2]

= (e2asp[t] + P (e2aspt - e2asp[t]>) E|H([tD* .
20{5

Hence
E|IDX ()8 <ra({th)E DX (1)

where r, is defined similarly to r in the proof of Theorem 2.3 with ry({t})= 5755 +

(1—25755)e—2a51’“} for {¢} € [0,1) and r4(1) := lim;x-, k €N. Then 0 < r4 < 1 and
EIDX™ (0 < lim EIDX 0 < ra(DE DX (k - ]

Therefore

E DX ()| <ra({t)ra(DIITE 1812 < e CDE||g)1%#,

1
ra(1)

where C = and v; = —logrs(1). The proof is completed. O

Next, we show the uniform estimate of the Malliavin derivative of Xgmii41, kK € N,
I=0,1,---,m—-1.

Lemma 4.2. Let the conditions in Lemma 2./ hold. Then there exists C > 0
independent of §, k and | such that

[E”%uka+1+1“2p <C (39)
forallk eN, 1=0,1,---,m—1 and § € (0, So) with 8 being sufficiently small.

Proof. From (16), the Malliavin derivative of Xgm4i41 18
925uAka+l+1

=DuXiem+1 1 {u<tiomsr} + 9 Xiem+1 Xim) Lty <u<tiomsiss }

P d
+ 5% (Xkmat+1> Xiem) DuXimsir1 + 55_J; (Xkma+1415 Xiem) DuXiem (40)

99 99
+ a (ka+ls ka)gbuka+lABkm+1 + a_y (ka+ls ka)gbukaABkm+l
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for 0 < u < tgmarer- If U > tiemesa1, then 9D, Xgmer1 = 0. Thus we only consider the
case of 0 < u < tgmeis1 in the following.

Case 1. If fgm4 < U < temais1, then (40) becomes
1)
DuXiemir1 =9 Kimst, Xiem) + 6 é(ka+l+1’ka)gbuka+l+1~ (41)
Multiplying (41) by DuXkma1+1, (36) leads to
1DuXimsis111* = (DuXimetsts 9 Xemets Xiem) )

a
+6 <9>uka+l+1a 8;3): (ka+l+ls ka)%uka+l+1> (42)

1 1
< (5~ 10) 1. Xt I+ SE Nt X

Then multiplying (42) by |DuXime1 [I*?~ and taking expectation, Young’s in-
equality leads to

E ”%uka+l+1 ||2p

1 1 -
< (5 - Alé) ENDuXimsti I+ S ENDuXimetst 1777 1lg Xemst, Xiem) I

3 1 (2(p-1)\""
< (z_l - /115) E | DuXimeren 1P + % (%) E lg(Xacme1> Xeem) 1?7,

which implies

2 2(p-1
E | DuXimeir1 || <
[ (1+4A15)p( .

Since E||Xgms||?? < C, and g satisfies the global Lipschitz condition, we get (39)
when u € [tkmat, tkmeis1)-

Case 2. If f5,;, < u < tgmyl, then (40) becomes

)\ )
) E lg(Xim+ts Xiem) |7 .

1?)
DuXimsi+1 — DuXimal :56_];(ka+l+1’ka)9qukm+I+1 )
(43
a9
+ g (ka+la ka)gbuka+lABkm+1-

We prove the assertion (39) by induction. Let us first show that E ||, Xkm+is1 1% <cC
with p’ = 1. Multiplying (43) by D, Xkm+i+1 leads to

1
5 ([E ||923uka+l+1 ”2 -E ”E'Z)u)(ka”2 +E ||923uka+l+1 - E)Z)u)(km+ll|2)
of
=6E \ DuXkm141, x (Xkm1+1> Xiem) DuXems141
99
+E 92314)(km+l+1 - C‘=)2§u)(km+l, g (ka+ls ka)%uka+IABkm+1

1 1
< = MOE | DuXimei1 ||2+§[E 1DuXkmsisr — C:7>uka+1||2+5/135[E 1D Xiem11I7,
which implies

(1 + 2/115)[E ||9buAka+l+1“2 < (1 + A3§)ﬂ£ ”92>u)(km+l”2 .
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Since Ay — 1 — A3 — 213 > 0, and for any u, there exist n € N and w € {0,1,--- ,m— 1}
such that u € [tum+w, tam+wr1). Combining Case 1, we obtain

E ”9>uka+l+1”2 <E ”%uka+l”2 <---<E ||gqunm+w+1”2 <C

If p’ = 2, without taking expectation in (44), multiplying (44) by 1D uXieme1 ||* and
then taking expectation, Young’s inequality leads to

% (E1DuXimstei |t = ENDuXimst|* + E (1DuXkmetir |1 = |DuXems117))
+ E | DuXmetet II° 1DuXkmie1 — DuXimst |l
=26 || DuXimeie1 II? <95uka+z+1, Z—Jxv (ka+l+1>ka)92>uka+l+l>
+ 2E || D0 Xiomet 1 X
<925uka+1+1 = DuXkm+, Z—z (Xkm+1, ka)gzjuka+IABkm+1>
+ 2E (|DuXimeret I = 1DuXimat I”) X
<925uka+l, j—i (Xkm+1s Xiem) DuXiem+1ABim1 >
=R, + Ry + R5.
From (36), R, satisfies
Ry < =224 8E |DuXpmetan |I* -
For Ry and Rz, Young’s inequality and (36) lead to

RQ <E ||%uka+l+1“2 ”%uka+l+1 - guka+l”2
2
+E ”%uka+l+1 ”2

99
E™ (Xkm1s Xkem) DuXiem+1ABrm+1
<E ||92)uka+l+1 ”2 ||92§uka+l+1 - gbuka+l||2 + )LS(S[E ||9Z§u)(km+l”4

1 2
+ 561[E (1DuXimeis1 I* = 1| DuXims11?)

1 4

+ —LE
261

2 2
SEDuXimeta1 I° 1DuXimets1r — DuXicmai ||
352

31 1 2
+ (/135+ 23; ) E |DuXimstll* + 561[E (1DuXimei1 I = 1| DuXims11?)
1

g
'a (Xkma+1s Xiem) DuXiem+1 ABrm1

and

2
Ry <&E (1DuXiemsini |I* = | DuXimsi|I?)

1 P) 2
+ g[E <925uka+l, ﬁ(kau, ka)gbuka+lABkm+1>

2 A3d
<& (|1DuXimsts1ll? = 1DuXimatl|?)” + 6—[E 1D uXimtll* -
2
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Let e5 + %el = %, then
31%52

€1

1
(1+4210) E |DuXiemersn|I* < (1 +2 (1 + a) A3 + ) E || DuXimll* -

Since 41 — A2 — 1 = 243 > 0, there exists & > 0 such that E||DuXgmernll® <
E || D0 Xims||* for all § € (0,8’). Following the same procedure as the case p’ = 1,
there exists C > 0 independent of §, k and [ such that

E ||9buka+l+1”4 <C.

The inequality above shows E||DyXimss+1]|?? < C with p’ = 2. Repeating the
procedure as above, we prove (39) when u € [tgm, timai)-

Case 3. If u < ty,,, then
92)u)(km+l+1 - C=~)2)u)(km+l

a d
=6 af (ka+l+1’ ka)%uka+l+1 +6 f (ka+l+1, ka)%uka
X ady (45)

17} 7]
+ ﬁ(ka+1,ka)925uka+lABkm+1 + a_z(ka+l,ka)925ukaABkm+l'
Multiplying (45) by D, Xkm+i+1 and taking expectation, we have LHS = RHS, where
_ 1 2 2 2 46
LHS —§(E||gbuka+l+1” -E ||925uka+l” +[E||923uka+l+1_9buka+1” ) ( )

and
RHS

d d
=0E { DuXim+i+1, _f(ka+l+1anm)9>uka+l+l + _f(ka+l+1:ka)9>uka
ox ay (47)

99 99
+‘E<925uka+l+ls a (ka+l: ka)gz)ukaﬂ + @ (ka+la ka)gqukm> ABgmy1-

By (36) and Young’s inequality, RHS yields
1 , 1__|laf 2
RHS <=M + 5 ok ||9)uka+l+l ” + §5E @(ka+l+lska)gbuka

1)
+E <92>uka+l+l - EJbu)<km+l; ﬁ(ka+l>ka)gbuka+lABkm+1>
99
+E gbuka+l+1 - EJZ)M)(km+l, a_y (ka+lanm)9qukmABkm+1
1 2 1 2
< _Al + 5 SE ||923uka+l+1” + E[E ||923uka+l+1 - E)Z)ukaH”

1
+ (§A2 + As) SE [|DuXiem|l* + A30E | DuXimaill?

which implies

El|DuXimsts1 1? < (1 = @66) E |DuXimsill> + BeOE |DuXim|l?

241 -1-2]3

Ao+24,
where dg = T+21,6-5 and ﬂ@ = 2 4

1+21:6-6"
(1 - fl—z) e~ (I+1)d o 1,1=0,1,---,m—1, under the condition Ay — 1 — A3 — 243 > 0,

Since a5 > fg > 0 and 0 < £+
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we get

6 6 _
ENDuXemaint |2 < (ﬁ— s (1 - ﬁ—) e “6““)5) E DXl
ag Qg

If l=m-1, then [E||C:Z),,X(k+1)m||2 < (fi—z + (1 - fc_z) e_”‘ﬁ) E || Dy Ximl|®. Since for any
u > 0, there exists n € N such that u € [n—1,n). Combining the result in Case 2, we
obtain

El|DuXimsi411?
k-n
< (@ N (1 _ &) e—a6<1+1>5) (@ N (1 _ @) e—a) E DX I?

45 X6 a6 a6
2
<E[|DuXnmll” < C.

The inequality above shows E||DuXimsi+1 |2 < C with p’ = 1. Following the
same procedure as in Case 2, there exists C > 0 independent of §, k and [ such
that E||DuXemei1]?? < C for all § € (0, dy) with &7 > 0 sufficiently small and
p=23---,p.

Choosing & = min{d), &}, then (39) holds for all 6 € (0, 8). The proof is
completed. O

For a general function h : R x R — R?, (x,y) +— h(x,y), we use DE")h(x, y) and

Dé") h(x,y) to denote the partial derivatives with order n of h with respect to the
vectors x and y, respectively. We require that the derivatives satisfy some polynomial
growth conditions.

Assumption 4.3. For any x, x’, y € R?, there exist two positive constants K and q
such that

1FGey) = FOE I < K (L el [l 1) e = )2
Assumption 4.4. Assume that f and g have all continuous partial derivatives up
to order 2. For any x, x', y, v, £ and n € R?, there exist two positive constants K
and q such that, fori=1,2,
2
[p e e = DO g | < K el + 119 e = I
2
[p £ee e - D fee | < Ky - v IP1EI,
2
[D2 £ew)@m - DE e @ m|| < K+ Il + 119 I = 2 IPEI Dl
2
[P e e m - D roeyy@n)||” < Klly -y P11 I
2
PP g g - DO g g < K (1 =212+ lly = ') 10,

Ip® g )& m - DP9 'y E | < K (1 =21+ ly o' 17) 11>

Assumption 4.4 implies

62 2 a2 2

I HPED V'ayj(x,w(sﬁn) < K (1+2]x[19 €121,
2 2 2 2
aigy(x’w(é‘w) v %(x,y)(én) < KIEI2IIn)?
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and
2 2
v| 22
oxay
829 > 829
— 5 X > \ ) )
2 muEn| v 2L wnen

Similarly, if f and g have all continuous partial derivatives up to order 3, then
2
< K (1+2[x19) NP>yl

829 2
EY) (x,y)(&n) (xyEn| v
X

2
< KIIEIPNnl.

3
@y

and
2

< KIE N1y Il

»f 2 #F

) , 1, v s /2
| uen| v] 2w
Lemma 4.5. Let the conditions in Lemma 2./ hold. Assume that the Fréchet
derivatives of f and g exist and E||D,n||*P < oo, then there exist two positive

constants C and vo independent of t such that

E[[2.X" (1) < Ce 2D (14 E | Dunl|?), 2. (48)

Proof. Since

X(t) = n + / FOCN (), X ([s])ds + / 9(XM(5), X ([s1))dB(s),

we have 9,X57(t) =0 for u > t, and for u < t,

DuX(t) =Dunl u<iy + (X (W), X2 ([u])) 1 (i<u<ty
+ / ler(xi’”(S),Xi’”([S]))@uxi’”(s)l[i,t] (s)ds
¥ / % (XH7(5), XM ([s1) DX ([sD) 114 (s)ds (49)

¢
+/u j_i(Xi’"(s)’xi’”([5]))9%5(""7(3)1“,”(s)dB(s)

+/uf Z—z(Xi’"(s)’Xi’"([S]))%uxi’"([s])ln,t] (5)dB(s).
Case 1. If i < u < t, by denoting I(t) := 9,X"7(t), then

10 =160+ [ 2000+ [ 2007, XD Ishds

e [M Lo xinsiisdse + [ Lo, xnshshas)

where I(u) = g(X*(u), X*"([u])). If [t] < u < t, then D, X" ([t]) = 0. And Itd’s
formula leads to

E ()% S[EIII(u)IIQ"+2P[E/tIII(S)HQ("_” <I(S),Z—J;(Xi’”(S),Xi’”([SJ))I(S)>ds

2

29 (5), XU (SHIG)| ds
X

t
+p(2p - DE / 11(s)|PPP~)

t
<EIw)|*P = (241 = A3(2p - 1)) p / E [|I(s)]|* ds.
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From [11, Lemma 8.2], it follows
E ||I(t)||2p < e~ (2h=A2p-1)p(t-u) ||I(u)||2p.
And if i < u < [t], for any a > 0, applying It&’s formula to e2%* ||I(t)||*”, we obtain

A (0]

t
<e”PUIE |[I([¢])|*P + 2apE / P |(s)]*P ds

(2]

eap [ o) (16, 2L 0. X 110
+2pE / " g2aps 11(s)]|>P~1) <I<s>, ﬁ(x’l’f(s),x""’([s]))l([s]>> ds
[¢] Iy
t _ ag . . 2
+2p(2p - DE / e2ePS ||1(s) 2P~ | = (XM (s), X1 ([s])I(s)|| ds
[¢] ox
t B ag . . 2
+2p(2p - DE / e2PS | 1(s)||2P=D | 2 (X (s), X ([sI)I([s])]| ds.
[t] %y

Following the same procedure as Lemma 4.1, we get
E 1@ <Ce*"MI=DE||1([u] + 1)[*

<Ce v (t=[ul=1) | o= (2L~ (2p-1))p([ul+1-u) ()%

=Ce™ ™ WE 1),
where vy = min{vy, (24; — A3(2p — 1))p}.
Case 2. If u < i, then I(u) = @,n and

ENI@)I* < Ce™“"DE |I(w)||* .
Since E||X(¢)]|?? < C for all t > 0 and C is independent of t, we obtain
E 1)1 <E [Dunl|? +E|lg(X™ (w), X" ([u])||* < C (1+E |Dunl|**).
Hence
E || X" (0)||* <Ce™ D (1+E |Dunl*)

where C is independent of t. We complete the proof O

Lemma 4.6. Let conditions in Lemma 2.4 with p > 4, and Assumptions 4.5- 4.4
hold. Then there exist two positive constants C and vs independent of t such that,
for fizred i e N,

E||2.DX" (t)¢]**
< Ce w2 e (=m0 114 E [ )11
where t > i, 1 < p’ < min{&, §}, £e R and E || Dun||*? < co.
Proof. For any £ € R?, denote J(t) := D,DX>(t), then
J(t)

ad . . ] . )
=a—z<x”’<“>sx“”([u1>>H ()1 i<u<r) + a—z(X’ﬂ(uxX””([u]))H([u])l{igm}
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aZf in i
+ [ 55 (XP(s), XM ([s])) (H(s), 1(s)1 i) (s)ds
u

+/ut az;f (X5 (s), X1 ([s1)) (H(s), I([s]))1{1r) (s)ds

+/'4QXW@xxmqﬂ»ﬂﬂnuﬂnw

+/uf a;; (XP(s), XM ([s)(H([s]), I(5)) 1[5, (s)ds

+/4&W®memmmm®¢
t 2
/ fww>xmmwmmnmm”@m
ul‘ 82 i i
+[5;wwﬁxqmwmu@mm®w@

t 2
ﬁ[:i“”>xWMMMQMDmm@w@

ﬂ[ﬁawawmmmmm@ww

+/t g (X (s), X ([sD)) (H([s]), ()1 (1,41 (s)dB(s)
« OYIx tir]

+/uta—y(Xi’”(S),Xi’”([S]))J([S])lli,tJ(S)dB(S)

+/ut Ziyg(Xi,'i(s),Xi,n([S]))(H([s]),I([s]))1[m (s)dB(s)

for u < t. Since J(t) =0 for u > ¢, we only consider the case u < t.
Case 1. If u > [t], then [s] = [t], I([t]) = 0, J(u) = %(Xi”’(u),Xi’”([u]))H(u) +
g—z(Xi’”(u),Xi’”([u]))H([u]) and J([t]) = 0. From It6’s formula, it follows

E Il (t))1%

<EJ)|I* +2p'E / 117 ()2~ <J() 7r

F (xin o), xin i ]))(H<s>,z<s>>>ds
+2p'E / ()2 <J<s>, —f(X”’<s),x”f<[t]>)f<s>> ds
+op’ tE/ ()2 1><J() f(x”f()xl”<[1>)<H<[t]>,z<s>)>ds

2

+2p'(2p' - DE / I 1 2 o s), X3 ([11)) 15

2

’ ’ ! 2(p'-1) 829 i i
+4p"(2p —1)[E/ (O] ax—2(X"”(S),X"”([t]))(H(S),I(S))

2
ds.

’ ’ ! 2(p'-1) 629 i i
+4p'(2p —1)[E/ 17 ()= ayj(XZ’U(S),X””([t]))(H([t]),I(S))

And Young’s inequality yields
E[17(1)]*'
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t
<E T = (241 = 223(2p" = 1) — 4e1 = 8(2p’ — 1)e2) p'E / 1T ()% ds

r_1\2p' -1 2p’
+ (2§p,€11) e [M|5Locno x| e
2p/ -1 2p'-1 L 52 5 3 2p’
+( e ) e[ Lo aanie| - as
_1\P-1 | 52 ) ' 2p’
+2(2p' - )( 1) e[ |22 0o .| ds
2p’

2 (x1(5), XM ([) (H([1]).1(s)) || ds.

p - -1 t
2(2p" - 1 E
+ 20 )(m) / ayax

Taking €1 = %/13 and e = 4(21%1))[3 and using the estimates of the partial derivatives
of f and g with order 1 and 2, we obtain
E17(5)11*”

<ENJ@)?" =2 (0 - 243 — 423(p" — 1) p'E / 17 () 117" ds
’_ 2p’ -1 t ,
B x| (v 2l ole) P I ) a
2’ — 1\t ot : ' : :
+(p ) K / [E((1+2IIX”'7<s>IIq)” IHD ||I(s>||2p)ds

r_ D\ ) ,
R e e I A (TR IO TE

’r_ _ p'-1 , t , ,
racy =) (2N ke [ (I )1 ) s

Using Holder inequality, gp” < p and 4p” < p, Lemmas 4.1 and 4.5 lead to

E ((1+2IIX’*"<s>I|q)” ||H<s>||2p’||1<s>||2p’)

( (1+2x))” ) ([ENEGI)" ([ENeE)*

( (L+2fxtro))” ) (ENE()1?7) 7 (EN1()])

E
( +E”92)”’7”2p>”§||2p e~ (s=Dp'[p = val(s=u)p’ [p

v
P

<C
<C(1+Ellunl?) 18] e 111=00' I,
Similarly,

E (IHG) P ) 1%) < Ce 11001 (14 E [, ) 1177,

((1+2||X’"<s>|| REAOIES ||z(s>||2P)

gce-V1<“J-i)P’/P(1 +E ||gzaun||2p') l1£11%
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and
E(IH(EDIZ ) < Ce™ 017 (14 E [l ) 1217

Let a7 = Al - 2).3 - 4).3 (p, - 1), then 2(17})' >0 by the condition Al - AQ -1- 2).3 >
4A5(p’ — 1). Therefore, [11, Lemma 8.2] leads to

BN <e2om COE || J@)l|%' + e 170208 (14 E Dy ?) 1612,
Case 2. Ifi <u < [t], applying Itd’s formula to e2*?’ ||](t)||2p'7 a > 0, we have
P E || T ()]
<e? VIR || ()% + 2ap'E / s (o) ds

(]
of

+2p'E /[t; el VO] <J(S), 5(Xi"’(S),X"’”([t]))J(S)> ds

+2P’YE/ e2P's || ] ()21 <J(S),a—f(Xi’”(S):Xi’”([t]))f([t])>ds
(] %y

t
+2pE / 205 | () 207D (J(5), s (5)) ds
[z]

t
+p'(2p" = DE / EPJIPE |2 (x(9), X0 ([£1))]5)

(2]

2

" Z—Z(xi’"(sxXf»'f([:r]))f([t]) +B(s)| ds,
where
*f i i Ca i i
S1(5) =55 (X9, X7 ([1) (H(8)1(9) + 22 (X379, X7 (11) (H(5). 1))

*f i i *f i i
oo T . XM D) (H([2]), 1(s)) + —5 (X7 (). XM ([eD) (H ([2]), I([21))
yox ay

and

529 i i 529 i i
B(s) =— (X7 (s), X"T([t]))(H(s), I(s)) + — (X""(s), X""([t])) (H(s), I([t]))

ox? 0x0y
g i i g i i
+ ayE(X (), XP([tD)) (H([t]), I(s)) + @(X M(s), XP([t]))(H([t]), I([t])).

By the estimates of all the partial derivatives of f and g up to order 2 and Young’s
inequality, we get

2P E || (1)1 %
<e? UIE || 7([e])||%

t
+ (20— 22, + 1+ 2e; +2A3(2p” — 1))p’E/ e22P's || 1(s)|1? ds
(1]
2

of ds

+p’[E/ 2P’ || 7 (s) |2 | == (XM (), X1 ([41))J ([£])
[¢] %

o0 —1\¥L ot ,
+( P ) [E/ 24P’ ||t (5) |2 ds
2p’e; [¢]
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t ’ ’
+4p'(2p' - DE / 2P || J() PP B (s) || ds
[t]

2
+4P'(2P'—1)YE/” Rl VO] (X’”(S) XM ([e))J([¢])

< VI |J([1]) % + (12 +445(2p" ~ 1) E / (DI ds

[z]

’

- L , o' — 1\t ,
+(2ap'—/1)[E/ e20's || (5) (|2 ds+(Z)—q) [E/Hewsuga(s)n% ds
u t

=

- p-1 t , ,
vo(2p’ - )( ) E / 20’ |98 (s) | ds,
[]

where 1 = (241 —1-2€1 = 643(2p" = 1) —4(2p" — 1)e2 — A2) p"+ A2 +443(2p" - 1). Tak-
ing 2asp’ = A, fr = o +4A3(2p' - 1), & = 1 and & = then 2agp’ =

1
8(2p'-1)°
2A1p’ — 29" — Aap’ — 6A5(2p" — 1)p’ + Ag +443(2p’ — 1), and

P E (TP < VI | J([)IPY + o / (DI ds

+C/
[z]

e /[ 27 E ([H()I ([ 1) ds
+c/ 2“8PSE(

+c/ t'SE (DI (DI ) s,

= (1+2IIX”7(S)II")" IH (511" III(S)IIZ”)

~

~

(1+2X5 (5) [ [H DI 1)) ds

where C is independent of ¢. Similarly to the case u > [t], we get

t
WP E || (1)1 <P IE || J([D 1% + BrE / 2P || J([e))1* ds

(2]

t
+ Ce—nel-Dp'/p (1 +F ||923u,7||2p’) &S / e2asP's I

[2]

ﬁ7 ﬁ7 -2 ’ ’ 2
< 1-— asp’{t} | ,2asp t[E D
- (Qagp' * 2a8p/ € e ”]([t])”

+ Ce—nel=Dp'/p (1 +E ||9)u,7||2ﬁ’) ||§||2p’ (e2asp’t _ e2asp’[t]) ,

which implies
EWOI <rs{DE TN + e =022 (14 £ [, n)|") 167

where the function r5 is defined similarly to r in the proof of Theorem 2.3 with
() = 5 + (1= 52 ) €2 ) for {1} € [0,1) and rs(1) = Ty rs (1)),

k € N. Since A; — A2 —1 - 243 > 443(p — 1), we have 2a5p’ > f7 and 0 < r5 < 1.
Similarly to the proof of Lemma 4.1, we obtain

ENJOIPP <rs({t})rs(DUMIE 17 ([u] + 1)1
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[t]-[ul-1
+C (1 +E ||gz)u,7||2p') ||§||2p’e—V1([t]—i)p’/P % ( Z rs(1)/~Leni?'/p

j=1

+C (1+E Dy} 182 e (100"l

Without loss of generality, we assume rs(1)e"?'/P < 1, then
ENJOIP <rs({th s E |7 ([u] + 1)1
+C (1 B[l ) e 1100
1
<
rs(1)
+CemnUI=00 e (14 S| ) £

e(t—[u]-1)logrs(1) ,=2arp’ ([ul+1-u) £ T (w) ||2P’

<Ce MW | @)% + Ce 00T (14 E || ) 111,

where v3 = min{—logrs(1), 2a7p’}. By the estimates and the uniform boundedness
of X(s), we have

EIlJ )" < ClIEN".

Therefore
E (1) <Ce™ (g + Ce™ (10012 (14 E |, ) 12"
Case 3. If u < i, then similar to Case 2, we have
B <Ce™ D" + cem (=017 (14 E ') 162"
The proof is completed. O

Lemma 4.7. Let f and g have continuous partial derivatives up to order 3. Suppose
that conditions in Lemma 2./ with p > 4, Assumptions /.3-/.4, and E ||Duq||** < oo
hold. Then

E [[Du@u X (0| <Ce™ s VYD E|| %, G, |2
+ Cem (=0 o (1 4 E || |2+ E ([ Dy )
and
E[|D B, DX (D7 <Ce™ VBB, D | 1)

+Cem U100 ID (1 4 [+ E D)) )
forany 1 < p’ < min{%, ‘g}, £ e R,
4.2. Errors of 7 and 7°. Let us first derive the weak error of X(k) and Y.

Theorem 4.8. Let conditions in Lemma 2.4 with p > 4, and Assumptions 4.5-4.4
hold. Then there exists C := C(||¢||3, A1, A2, A3, p, ¢, K) > O independent of k,& such
that

[E(XO (k) — E§(YO™)| < C8, V peC
for any & € (0,61) with 81 > 0 sufficiently small.
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Proof. For any ¢ € C3,

|Ep (X% (k) — Ep(Y,™)]|

k-1
= |2 (B m (k) - B (X0 (k)))'
i=0
k-1
=12, ([E¢(X”1X~+l>m<k>> - B <'+1>(k>))’
i=0
k-1
[E¢(X1+1X<H_1)m (k) - E¢(xl+1x X (l+1) (k))’
i=0
k-1 1 .
= / D(§ 0 X1 (k,0) (X023, = XX (i 1)) d@‘,
i=0 0

where D(¢ 0 X)i1(k,0) = D(¢ 0 X)(k;i + 1, ex(m)m (1 - 0)X™Xim (i +1)). From

X0x XX (4 1) =

(i+1)m

— X Xim (i +1)

(1+1)m

it follows that

[E¢ (O (k) - Ep (™)

k—1m-1

1
3y [E/O D(¢ 0 X)is1 (k. 0)-

i=0 [=0

k—-1m-—
3% ef DXk 0)

i=0 =0

tim+l+1
(f(Xtm+l+l>X,m )= f(X1m+l’ im )) deg‘

tim+l

O 9, X8 = £ Ot X031 ) s

tim+1
k—1m-1

N / D($0X)is1 (k. 6)-

i=0 [

I1+1 . 0,x
(g( X Xim (s), xg;f)—g(x,-m,,xg;f ))dB(s)d@‘

Lim+l

[

Am—
Z (L +L+13).

i=0 [=0

Denote Ximirer := ™Ximais1 + (1 = ©)Ximat, T € [0,1]. Then the estimate of I is

I =6

1 pr1 9
£f [ D60 X000100)- L it X) et = Xima) ]

<62 drdo

! P
(D6 o X001 00) - 2 et X0 Kot X0

drd0

1
of 0 0
IE(D((lSC’X)Hl (k,0) - a(xim+l+rs Xi,;f)g(ximﬂixi;nx)A zm+l)

=:111 + ;2.
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) 0x _ X0
Denote Xj1(k,0) = X 0K iy (10X (Hl)(k). The chain rule of the Fréchet

derivative leads to
D(¢ 0 X)is1(k,0) = DP(Xis1(k,0)) - DXiy1(k, 0).
From ¢ € C;, Holder inequality and Lemma 4.1, it follows

1 1
of
mscf [ [E(DXi+1(k, 9)-g(xim+l+f,X?,;X>f(xim+z+1,><?,;j‘)) drd9
1
2 ! ! af 0,x 0,x %\’
<Cs o Jo E |DXi+1(k, 0) - E(Xim+l+r’xim )f(Xim+l+1)Xl'm) drdf
1
2\ 2
) dr
Ly (k—im1) 52 ! q 2 0,3 ||?
<Cem 3 D82 [ E| 2K 1+ Wit ) Kol [ O, X0

)

By the L% (p > 4) uniform boundedness of the numerical solution and Assumptions
4.3-4.4,

~ Ly (k—i- Y llef 0 0
<Ce 2 (k-1 1)52‘/0 IEH5(Xim+l+rinr;f)f(Xim+l+l’Xir;lx>'

0, 0,
HAKIX N2 |f Kinet1, Xi)

2 )
+4 H % (0,0)f Ximere1 Xppo)

Iy < Ce3k=il) g2,

For I12, the duality formula of Malliavin derivative [18, P. 43] leads to

1,1
Lo =5/ /
0 Jo im+l
L el rlimela
</ /)
0 0 t,

im+l

Lim+l+1 of ox ox
E [ 9D 0 X001 (5.0) - 2L Kimaters X509 X, X050 0

t,

dudzdf.

E (D0 X)ie (0) - & itor X9 it X1
Then by the chain rule for Fréchet derivatives, the chain rule and the product rule
for Malliavin derivatives [18, P. 37], we obtain
DuD(¢ 0 X)ir1(k, 0)& =Dy, (DP(Xir1(k, 0)) - DX (k, 0)§)
= (DuXin1 (k,0)) " - D*$(Xir1 (k, 0)) DXiy1 (k, )&
+D$(Xis1 (k, 0)) - DuDXis1 (k, O)E.
Thus, Lemmas 4.1-4.6, Assumptions 2.1, 4.3 and ¢ € Ci lead to

T2
/1 /1 /tim+1+1
<5
0 0 t;

im+l

tE( (DuXir1(k,0))T - D2$(Xir1 (k. 0)) - DXp1 (k, 0)x

of o o
L Kimstoe: X009 Kt X7 | [dudzae

Lol rlimels
+6
0 0 t;

im+l

[(D¢(Xi+1 (k. 0)) - DuDXir1 (k, 0)x

dudrd0

af 0, 0,
ax (Xim+1+.,,Xl.”)f)g(Xim”,Xm)f)

dudrd6

1 1 Lim+l+1
f [
0 0 t;

im+l

9.
tE(@zsuxm (KO DXi1 (6.0 2L Kopatr XV Kot X5 >)

Lim+l+1
dudrd0®
t.

+c5/01/01/

im+l

Lol rlimilsl 1
<cs [ [0 [ (E 19X (,0)17) ® x
0 0 t;

im+l

el
E(%Dxiﬂ 60 L Kot X009 Kot X053 ))
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1
3f 0,x 0,x 2\ 2
E|DXi+1 (K, 0) - E(Xim+l+1’xi,'n )9 Xima1: X ) dudrdf

1l rlimils
+c5/ / / E
0 0 t;

im+l

[N

of o o
DuDXis1 (k,0) - a(Xim+l+‘l"Xi;;-)g(xim-#l’xi;;-)

2
) dudrdf
Sce-%(vﬁ@)(k-i-l)éz+(C6-%vs(k-i-1)+Ce*ﬁn<kﬂ>1) 52

sCe_% vy (k=i-1) 52

where v4 = min{vs, }—1)1/1} and u <i+1 are used.
Next, we estimate Ir. It6’s formula implies

L ftimeln
E
0 t;

b < Do X)1e1 (0) - (P00 (51 X0) = FOCN (i) XE5) ) s
im+l

+6

1 .+ 0,x
£ Do X0 (0)- (f(X"Xim (imas) X0 = F (Kiyets X0 >) de]

1 rlimelsl s af ,-,XQ:X
[Efo /t D<¢oX>i+1<k.9)~/A & (x

<

m
im+l

.+ 0,x
(), X25) £ ¢ Xim (1), X% ) dudsdo)
tim+l

+é'Efol/[At""””Don)M(k,e) /, ’f

50,
e i X0
im+l 1 9%

m+i
. 0,x 23 0.x
(g(X™Xim (), X0r), (X" Xim (u), X0¥ >>dudsde‘

1 t; I+1 s . 0,x - 50,x
IE/ / T D(¢ 0 X) i (k. 6) - / A X (), X059 (X i (), X0 ) dB(u)dsdo
ax m m

0 Jtimel tim+l

+

+6

1 ix 9 0.x 0.x
E A D(¢ o X)ir1(k,0) - | (XTI (timar), Xy ) = [ (Kigmat: Xy ) | dO
=:1I21 + 12 + 123 +124.

By Assumptions 2.1 and 4.3, the L? (p > 4) uniform boundedness of X*(t) and
the chain rule for Fréchet derivatives, Holder’s inequality and Lemma 4.1 yield

I </1/tim+1+1/
21 =
0 Jt;

im+l tim+l

0,x L 0x 2\ 2
(E‘D(qﬁ °X)is1 (k,6) - Z—f(x'vxim (W), X £ Nim (u), X[ | dudsde

SCe_%Vl (k=i-1) 52

and

I 1/1/tim+l+1/3
22 <
2Jo Js,

im+l tim+l

2 . X
(tEHD<¢ 0 Xt (k,0) - &L (X0 (), X0)

1

. 0, - 50,
(g(X*Xim (u), X, g (X Xim (1), X%X))
<Ce™ 2

2\ %
) dudsd0

vl(k7i71)52‘
The estimates of Ir3 and Iy are similar to that of Iy,

I < C87%V4(k7i71)52 and Iy < Ce*V5(k*i*1)52,
where vs > 0 is a constant. The estimate of I3 is as follows. It6’s formula leads to

E /O "D 0 X1 (k) - Ji .t"'"”” )

s P} X . Q.x
| 4 ﬁ( BXim (), X0 f (X Kim (), X0F ) dudB(s)d6

im+l £
1 1 Lim+l+l S 92 i, x0X

+ 2 [ D6e X0 k0 [ S w.xi
2l Jo 4 timal OX

I3 <

im+l

im+l

(GOCN 0 X0, 90X () X050 )]
1 tim+l+1
E/D Do X)un1 (16): [ /

s - 5 0,x
—ag (Xl’Xim
. ax

0x X0 0.x
(), X;7 )g(X ™ 7im (u), X; 7 )dB(u)dB(s)do
Lim+l

+

im+l
=:1I31 +1I32 +133.
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The estimates of I3; and I35 are similar to that of Iy,

1 rlimyls1
E
0 Jt;

im+l

1 rtimilvr S
< E
o Jy; t

im+l im+l

I31 =

.5 0.x s 5 0.x
DsD($ 0 X)is1 (k. 0) ft ) %(X"Xim (), Xpp) f (X i (v),X?,’:)du) dsdo

im+l

25 0,x 250,
DeD($ 0 X)ir (k, 0)- 22 (X i (), X)X i (), X0 | dudsdo

<Ce™ $va(k=i-1) 52

/Olfttimuu [E(QbsD(¢ 0X)i1(k,0) /

im+l tim+l

and
s 32 'XO’X
axg (X" im (1), Xp)

1

I32 =3
. 0,x i Q,x

(g(X"Xim (u), X)), g(X*im (u), X[r¥ )))dudsde‘

1 [ flimesr S 92 .5 0%
s [ B e Xk 52N w. x5
o Jt, t ox

im+l im+l

. 0, PR O
(g Xim (1), X2), g(X*Xim (u),X%¥))|dudsd0

Sce—%\q(k—i—l)&Z.

For I33, we obtain
I3

3
L rtimyl s . 0.x - 0x
[ +1[E(955D(¢ 0 X0 (60): 200N () X009 (X0 (u),x?,:‘>d3(u>) dsdo
0 Jt, i

im+l tim+l

1 rtimelsr S - 50, - 30,
[ E(@u@sDw 0 X)ina (k,0) 22 (X Nim (), X0 )g (X (), X057 )) dudsd0

im+l tim+l
1 plimylel S O . 0,x - 5-0,x
s/ / " / E(DuDsD($ 0 X) a1 (k, 0)- 2L (X Nimm (1), X%X)g (X Xim (), X0:X)| dudsdo.
0 Jtimil tim+l ox

Taking Malliavin derivative @, on DsD(¢ o X);41(k, 0)¢ yields
DuDsD(¢ 0 X)i1(k, 0)&

=9>u( (DeXint (k,0))T - D2 (Xio (K, 0)) - DXinr (k, 0)

+ D¢ (Xis1 (k,0)) - DsDXi1 (k, 0)€

= (DuDsXis1 (k. 0)) T - D*P(Xir1 (K, 0)) - DX (K, )€
+ D*$(Xis1 (k, 0)) (DXis1 (k, )& DsXiv1 (k, 0), DuXiz1 (k, 0))
+ (D X1 (k, )" - D?$(Xis1 (k, 0) - DuDXis (k, 0)€
+ (DuXis1(k,0)) T - D*¢(Xis1 (k. 0)) - DD X1 (k, 0)€
+ DP(Xiv1 (k, 0)) - DuDsDXir1 (k, 0)E.
By the estimates of Lemmas 4.1-4.7, there exists vg > 0 such that
I3 < Ce~vo(k=i=1) 52,

Combining the estimates of I, Ir and I3, we conclude that there exists v > 0 such
that

L+l +I < CeVkiml g2
which implies that

k-1m-1 —v(k-1)

k-1 v
Z Z (h+L+13) < C5Ze_v(k_i_1) = Cé% < Cé.
i=0 =0 i=0
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Here C is independent of k and md = 1 is used. The proof is completed. O

Now, the uniform weak convergence of the BE method implies the weak error
between invariant measures.

Theorem 4.9. Let conditions in Theorem 4.8 hold. Then there exists a positive
constant C := C(||P|s, A1, A2, A3, p, ¢, K) independent of § such that

‘ [ pntan - [ g’
Rd Rd
for any & € (0,61) with 81 > 0 sufficiently small.

<C5, VY¢eC

5. Numerical simulations. In this section, we present three examples to verify
the theoretical results.

Example 1. Consider the following 1-dimensional equation with additive noise

dX(t) = (—0:X(t) + 02X ([t]))dt + dB(t) (52)
X(0) =x,
where 0; > 0 and 0, € R. If ¢ € [k,k+ 1), k € N, then the solution of (52) is
t
X (1) = X(k) (e—91<f—’<> + Z—Q (1 —e-“’l(f-k))) + / e=01(=9) 4B(s). (53)
1 k

It can be seen that the solution obeys Gaussian distribution. And the expectation
of the solution is

N L O W o L DO s
[EX(t)—x(61+(1 91)6 ) 91+ 1 ) e . (54)

Denote p: [0,1) = (—00,00) and o : [0,1) — (0,1] by u({t}) = g—f + (1 - g—"l’) e~ Orit}
and o({t}) = ﬁ (1 - e72%{1}). Defining p(1) := lim, ;- p({t}) and o(1) := lim, - o ({t}),

we have p(1) = g—f + (1 - z—f) e % and o(1) = ﬁ (1 — e7201). Therefore the variance

of the solution is

_ 2k
Var(X(1)) = (%o(l)) H{e)? + (1)), (55)

Especially, the expectation and variance of X(¢) at the integral time ¢t = k are,
respectively,

1-p(1)*
————o0(1). 56
et (56)
The sufficient and necessary condition under which X (k) may admit a stationary
distribution is

EX (k) = xp(1)* and Var(X(k)) =

-0,

1
()] < 1@-1” 0, < 0 < 6,.

e 6

Firstly, we verify that the solution {X(¢)};>0 does not admit a stationary dis-
tribution while the chain {X(k)}ren does. Let the initial value x = 0.5. Fig. 1
shows the expectations and variances of both X(¢) and X(k) with three different
parameters which satisfy |p(1)| < 1. It can be seen that the variances of the solu-
tion {X(t)};>0 are not convergent as t tends to infinity, though the expectations of
{X(t)};s0 converge to zero. However, both the expectations and variances of the
chain {X(k)}ren converge as k goes to infinity. This means that the chain {X(k)}ren
admits a stationary Gaussian distribution. Comparing Fig. 1 (a) with (b), we
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0.5 ; ; 0.5 . ,
—e—mean value of X(t) —e—mean value of X(t)
—4- variance of X(t) —4- variance of X(t)
0.4 ——mean value of X(k) 0.4H ——mean value of X(k)
—variance of X(k) —variance of X(k)
0.3 1 0.3r
0.2 ] 0.2k
+
A
0.1 ] 0.1
s 3
i I
0 0
0 2 4 6 8 10 0 2 4 6 8 10
t t
(a) 61=3,60,=1 (b) 6;=25,0,=1
0.8

——mean value of X(t)
—2- variance of X(t)
0.6 —mean value of X(k)
i —variance of X(k)

(c) 01 =3, 0,=-25

FI1GURE 1. The expectations and variances of X(t) and X (k)

observe that the distribution of {X(k)}ren converges more rapidly for larger 6,
which implies that the convergence rate increases as the dissipativity increases.

Fig. 2 shows the evolution of the expectations and variances of X (¢) for several
different 65. We take the parameter #; = 3. The pink lines are the expectation
and the variance of X(¢) with 63 =0 (i.e., the expectation and the variance of the
corresponding OU process) in Fig. 2(a)(c) and Fig. 2(b)(d), respectively. We can
observe that the expectation and the variance of X(t) with sufficiently small 85 are
close to that of the corresponding OU process.

Next the weak convergence order of the BE method is tested. In fact, the solution
of (52) can be expressed as

k i t
X(0 = xu(Dfp(eh) + Y u(enu)’ [ e+ [0 aps)

= i-1 k
Let T =5. We create 1000 discretized Brownian paths over [0, T] with a small step-
size 6 = 27! and approximate the stochastic integral in the exact solution above
using the Euler method with this small step-size. We also compute the numerical
solutions of the BE method using 4 different step-sizes § = 276 9-7 978 279 op
the same Brownian path at T = 5. Moreover, we choose 4 different functions
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Mm%%%%%%
N T
% 7{ —a 92=1 5
—a 92=1
92=0.5
—A 92=0.1
- 92=0
2 4 6 8 10
t
(b)

0.1
0.08 .—’A___A_—A——A
/k’,
L
—0.06 ,/
i 7
& f
0.041 ,
/
/
, ]
0.02f b _a 0.=0.01
f 2
i --6,=0
0 : : : : 0.1 = : : 2
0.5 06 07 0.8 0.9 1 0 0.2 0.4 0.6 08 1

FIGURE 2. The expectations (left column) and variances (right
column) of X(¢) with different 0y

#(x) = sin(|x|?), ¢(x) = cos(|x|), ¢(x) = arctan(|x|) and ¢(x) = e~ xI* as the test
functions for weak convergence. Fig. 3 plots the weak errors |E¢(X(T)) — E¢(Yr)|
against d on a log-log scale, where X(T) and Yr denote the exact and numerical
solutions at the endpoint T, respectively. The red dashed line represents a reference
line with slope 1. From Fig. 3, it is observed that the BE method is convergent with
weak order 1.

Then we consider the longtime behavior of the Markov chain {Y;}ren. Theorem
3.15 shows that [E¢(Y,?’x ) converges exponentially to the “spatial” average of ¢ with
different initial data, i.e., Y; is strongly mixing, and this implies the ergodicity
of Y;. In this test, we let 6; = 3 and 02 = 1 and choose three test functions (a)
#(x) = arctan(|x|), (b) #(x) = cos(|x|) and (c) @(x) = sin(|x|?) to compute ﬂEgi)(Yl?’x).
Fig. 4 shows the mean value of ¢(Y£’x) with 5 different initial data. As can be seen
from the figure, for each ¢, [E¢(Y]?’x) converges exponentially to the spatial average
of ¢ with respect to the invariant measure.
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107! 107!
s 102 T s 102 T
£ {53 [
g 10 g 10
o = ¢(x)=sin(|xf) o = ¢(x)=sin(xf)
2 10 $(x)=cos(|x|) > 10 B(x)=cos(|x|)
2 ——¢(x)=atan(|x]) 2 —— ¢(x)=atan(|x|)
d(x)=exp(-IxP) #(x)=exp(-IxF)
- — ref line slope=1 - — ref line slope=1
10»5 3 ‘ 2 ° 1 10-5 3 ‘ 2 °
10° 10° 10° 10° 10° 10°
logéd logé

(a) 01 =3,602=1

(b) 6, =25,0,=1

107!
S -
5 107} -7
| e .
5 _ //
i~ -7 <
g 0 - ——p(x)=sin((xP)
CERETOR ‘
o ~ 6(x)=cos(x)
= —— ¢(x)=atan(|x|)
$(x)=exp(-xF)
10 |- —refline slope=1
1078 1072 107!
logd

(c) 61 =3, 0, =-25
F1GURE 3. Order of weak convergence of BE method

Example 2. Consider the following 1-dimensional nonlinear SDE with PCAs driven
by multiplicative noise

{dX(t) = (=X ()3 = 10X (t) + 2X([t]) + 1)dt + (aX(t) + bX([t]))dB(t)

o7
XQ =X, ( )

where x = 2 and a, b are two parameters. Firstly, we verify the weak convergence
of the BE method on a finite time interval [0,T]. Let T = 6 and we create 2000
discretized Brownian paths over [0, T] with a small step-size § = 27!, Since the exact
solution can not be obtained, we use the numerical solution of the split-step backward
Euler method with § = 27! as the “exact solution”. We also compute the numerical
solutions of the BE method using 4 different step-sizes § =276,277,278,279 on the
same Brownian path. Let X(T) and Y; denote the exact and numerical solutions
at the endpoint T, respectively. And three sets of a,b are tested. Fig. 5 plots the
weak errors |E¢(X(T)) — E¢(Yr)| against & on a log-log scale with 4 different kinds
of test functions ¢(x) = sin(|x|? + 7/2), ¢(x) = cos(|x]), #(x) = arctan(|x|?) and
o(x) = eI, The red dashed line represents a reference line with slope 1. As can
be observed from Fig. 5, the BE method converges in the weak sense with order 1.

Finally the longtime behavior of the Markov chain {Yy}ren is considered. In this
simulation, we take a =1 and b = 1 for example and choose three test functions (a)
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—x=1
14 Tox=l
’ —x=3
12 x=-5 057
—x=8
S =,
< 5
uw 0.8 Ll
—x=1
06 05 =1
—x=3
0.4 x=-5
0.2 ‘ ‘ ‘ : : -1 ‘ ‘ ‘ I8
0 5 10 15 20 25 30 0 5 10 15 20 25 30
t t
(a) ¢ = arctan(|x|) (b) ¢ =cos(|x|)

0 5 10 15 20 25 30
t
(c) ¢ =sin(Ix|?)

FIGURE 4. The evolution of E¢(Yx) started from different initial data

$(x) = arctan(|x]), (b) ¢(x) = sin(|x|?) and (c) ¢(x) = e Ix1?, Fig. 8 plots the mean
value of ¢(Y£’x ) with 5 different initial data. It is observed that, for each ¢, [EqS(YIS’x )
is exponentially convergent as k tends to infinity, which verifies theoretical results.

Example 3. We are also interested in the following SDE with PCAs whose
coefficients do not satisfy the assumptions of our main theorems

{dX(t) = (=X (1)3 = 8X(t) + aX([t])%)dt + b|X ([¢])| " dB(t)

Xo =X. (58)

Let x =5, T =5 and the discretized Brownian paths be 1000. Since the exact solution
can not be obtained, we use the numerical solution of the split-step backward Euler
method with § = 27!1 as the “exact solution”. We also compute the numerical
solutions of the BE method using 4 different step-sizes § = 276 9=7 9-8 979 on the
same Brownian path. Choosing the test functions ¢(x) = sin(|x|), ¢(x) = cos(|x|),
¢(x) = arctan(|x|?) and ¢(x) = e"*° we plot the weak errors |[E¢(X(T)) — E(Yr)]
against § on a log-log scale in Fig. 7. It seems that the weak convergence order of
the BE method is slightly smaller than 1. Taking a = -1, b = -1 and T = 20 and
choosing respectively three test functions (a) ¢(x) = arctan(|x|), (b) ¢(x) = sin(|x|)
and (c) ¢(x) = e’|x|2, we plot the mean value of ¢(Y£’x) with 5 different initial data
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100 . 10°
"—¢(x)=sm(|xf+7r/2) "‘¢(x)=sin(|x|2+7r/2)
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T 10 e —— g(x)=atan(|xP) 102} - e=atan(xf)
< - $(x)=exp(-IxP) bl T d(x)=exp(-xP)
g - — ref line slope=1 ﬁ - - ref line slope=1
= % 2 —
] . 5 ==
(_C; 10-6 _8) 10*6 /
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= 108 - — ref line slope=1

E

x

w

g

L 10»5
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logd
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FIGURE 5. Order of weak convergence of the BE method

in Fig. 8. We observe that [Eg{)(Y,?’x) converges exponentially as k tends to infinity.
These numerical simulations show the coincidence with our theoretical results. We
may say that our theory suits for a broader class of SDEs with PCAs than we
claimed, and the study for the optimal assumptions is left for the future work.
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